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ABSTRACT
The bulletin describes an investigation relating mainly to three im-
portant features of reinforced concrete column design. They are
(1) the effect of combined bending and direct compression, (2) the
effect of column slenderness on strength and manner of failure and
(3) the effect of protective shells as structural elements. Ten groups or
series of tests were made over a period of years to study the foregoing
and related topics. The total number of columns tested was in excess
of five hundred.
The results of the tests that involve bending stresses are compared
with current design formulas, and the adequacy of the latter pro-
cedures, within proper limits, is demonstrated by the factors of safety
found.
The test results for slender columns are likewise compared with
current design procedures which indicate that the latter are satis-
factory, or even conservative. The data are also analyzed by means
of the well-known Engesser and ConsidBre-Engesser theories. The con-
cordance of the findings suggests a rational method of extrapolating
the test results to columns of greater slenderness ratios than any used
in the tests.
The protective shells of spiral columns were found to be sound and
reliable and of substantially full structural effectiveness, thus justify-
ing the use of the gross or over-all column section in design.
Other miscellaneous tests gave information on the validity of the
constants for effectiveness of the concrete and spiral contributions to
the strength of the column.
The results of the investigation represent a distinct addition to
knowledge of the subject and, in general, support the concepts of
column action on which certain current design formulas are based.
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THE EFFECT OF ECCENTRIC LOADING,
PROTECTIVE SHELLS, SLENDERNESS RATIOS, AND
OTHER VARIABLES IN REINFORCED
CONCRETE COLUMNS
I. INTRODUCTION
1. Introduction.-In 1930, a rather extensive investigation of rein-
forced concrete columns was conducted at the University of Illinois,
in cooperation with Lehigh University and the American Concrete
Institute, and the results were presented in Bulletin 267.(1)* These test
findings led to new column design formulas in which emphasis was
placed on the utilization of the protective shell, or that portion enclos-
ing the column core. This is of special significance in connection with
spirally reinforced columns subject to bending, for which there is a
marked difference between the flexural resistance of the gross or over-
all section and that of the net or core section.
The general interest in these questions, as manifested by spirited
discussions in technical periodicals and proceedings, led to two further
groups of column tests: Series 36, which related to the resistance of
columns of various types subjected to bending, or eccentric loading,
and Series 38a, which comprised a study of the effect of protective
shells on axially loaded columns.
The consideration of these two studies forms the major part of
this bulletin; however, it seems desirable to include also the results of
some earlier unpublished column tests bearing on allied topics: Series
16a and 25a, on the effect of the slenderness of a column upon its
carrying capacity; Series 16b and 25b, on the general subject of
eccentric loading; and Series 14, 15, 25c, and 38b, on miscellaneous
subjects. While the earlier tests, made in 1925 or before, involve some
differences from present-day materials and procedures, they were con-
ducted with such thoroughness and careful technique that the results
should be just as valid and reliable as any that could be obtained now.
Many of the test results were used as references in the prepara-
tion of certain technical committee reports during the period 1930-
1940.2) This bulletin, therefore, may be considered to furnish some of
the supporting data for the column design provisions set forth in these
reports.
2. Acknowledgments.-The tests reported herein were carried on
as a part of the research program of the Engineering Experiment Sta-
* For this and subsequent references, see the Bibliography.
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tion of the University of Illinois and were under the general admin-
istrative guidance of DEAN M. L. ENGER, director of the Station, and
of PROFESSOR F. B. SEELY, head of the Department of Theoretical and
Applied Mechanics.
The tests were conducted in the Concrete Research Laboratory of
the University, under the direction of PROFESSORS A. N. TALBOT and
F. E. RICHART. Most of them were performed as master's theses by the
following research graduate assistants:
Series 14. HOWARD R. THOMAS Series 25a. E. M. BRICKETT
Series 15. JULIAN MONTGOMERY Series 36. T. A. OLSON
Series 16a. A. J. A. ANDERSON Series 38a. R. H. HEITMAN
Series 16b. J. O. DRAFFIN
Assistance on the tests over this long period was also given by W. A.
SLATER and H. F. GONNERMAN, research assistant professors, R. L.
BROWN, associate, and R. R. PENMAN, research graduate assistant,
all in the Department of Theoretical and Applied Mechanics. Credit
is due to all these men for their efficient and responsible conduct of the
tests and careful analysis of the results.
The tests of Series 38b were made as private tests for the Detroit
Edison Company, Detroit, Michigan. The courtesy of this company in
releasing the test report for publication has made it possible to include
the results in this bulletin.
Several steel companies furnished reinforcing steel and fabricated
the small spirals not commercially available. Acknowledgment for
such courtesies is due to the Concrete Steel Products Company, Chi-
cago; the American System of Reinforcing, Libertyville, Illinois; the
Calumet Steel Company and the Carnegie-Illinois Steel Company,
Chicago; and the Laclede Steel Company, St. Louis.
3. A Concept of the Structural Behavior of Reinforced Concrete
Columns.-The following statement of the elements of strength of a
reinforced concrete column furnishes a simple concept of the sources
of strength of a column, and will serve as a basis of reference in
interpreting test results.
As a result of many previous tests, including the investigation
sponsored in 1930-31 by the American Concrete Institute (hereinafter
referred to as the ACI), two general equations may be written which
indicate with fair accuracy the load-carrying capacity of axially
loaded concrete columns.
For columns with vertical reinforcement only, and for those col-
umns with vertical and spiral reinforcement which reach their maxi-
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mum load when the concrete protective shell begins to fail, the
maximum unit load is given by Equation (1).
P
- = 0.85 (1 - p,)f' + pfy. (1)
A,
For columns with vertical and spiral reinforcement, in which the
spiral reinforcement is of sufficient amount to contribute additional
strength after the shell fails, the maximum unit load is
P
- = 0.85 (1 - p) f' + pf, + 2p'f ', (2)
A,
wherein
P = maximum column load.
A, = gross or over-all area of column section.
A, = area of column core (out-to-out of spiral).
f/ = compressive strength of 6- by 12-in. concrete control cylinder.
f, = yield point stress of vertical reinforcement.
f/ = useful limit stress of spiral reinforcement (assumed as the
stress at a spiral deformation of 0.005).
p, = ratio of area of vertical reinforcement to the gross area, A,.
p = ratio of area of vertical reinforcement to the core area, Ac.
p' = ratio of equivalent area of spiral reinforcement to the core
area, Ac.
Equations (1) and (2) state essentially that the ultimate strength
of a concrete column may be considered to be supplied by one of the
following combinations: (a) the sum of the strengths of concrete core
and shell plus the yield point strength of the vertical bars, or (b) the
sum of the strength of concrete core, the yield point strength of the
vertical bars, and a third quantity representing the effect of the spiral
reinforcement.
It may seem surprising that such a simple analysis of the strength
of a column into its component parts is possible, considering that wide
variations in amount and arrangement of reinforcement may be used.
In particular, it might be questioned that the three column elements
would produce their maximum effect at the same amount of longi-
tudinal strain. The answer lies in the fact that, before failure, both
concrete and steel reach a phase.of plastic deformation. Thus, in a
concrete column with vertical reinforcement only, there will be enough
plastic strain in both materials to enable them to develop their
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potential strengths simultaneously. In columns with spiral reinforce-
ment, the latter exerts a lateral restraint on the column core, which
may become highly plastic, so that the column will shorten a rela-
tively large amount. Embedded vertical bars, however, are also
capable of shortening a surprising amount at their yield point stress.
This seems to explain why the results of hundreds of tests can be
generalized, without great error, into these simple expressions.
While these equations are rational in form, they contain numerical
constants that have been determined experimentally. Thus in Equa-
tions (1) and (2), the constant 0.85 represents the ratio of the strength
of a concrete column of ordinary proportions to that of a standard
control cylinder. Naturally some variation in the value 0.85 is to
be expected, particularly with different kinds of concrete and with
some variation in slenderness of column. Many of the tests from
which the constant 0.85 was derived were made on columns having a
height-diameter ratio of 7.5, and this value probably should not be
applied to columns having such ratios greater than 10.
It is well known that steels of structural and intermediate grade
have a pronounced yield point; a steel which begins to yield at a strain
of 0.0015 may continue to yield without increase in load to a strain of
0.015 or 0.02. This property explains why the term for the vertical
steel in Equations (1) and (2) applies for a wide range in column
designs. Of course, there are many high carbon and alloy steels which
do not have this marked yielding but which take load beyond the
proportional limit with a gradually decreasing load-strain rate. If
the proportional limit is used for f, for such steels, they would doubtless
furnish a greater contribution to the capacity of the column than is
indicated by Equations (1) and (2). Such steels are not commonly
used in columns; when they are, any error in estimated column
capacity is on the safe side.
The term in Equation (2) for the contribution due to the spiral
reinforcement is probably the source of the greatest discrepancy be-
tween equation and test results. To explain the mechanics of spiral
action, reference may be made to tests with triaxial loading. (3) In a
cylinder of sand-gravel concrete, loaded axially with a uniform com-
pression fi and subject to either lateral fluid pressures or pressures
exerted by spiral hooping, the increase over the ordinary cylinder
strength f,' was found to be equal to 4.1 times the lateral pressure,
f2, or in equation form:
f, = f' + 4.1 f2.
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The average lateral pressure exerted by spiral reinforcement of
p'f'
percentage p', at a stress f,', is fi = . Hence the last term of
2
Equation (3) may be written 4.1f2 = 2.05 p'f,'-nearly the same
as the last term of Equation (2), which has the coefficient 2.0. Con-
sidere, who developed the spiral column, first fixed the value of this
coefficient as 2.4, a value that is widely quoted, although he later
revised the value to 2.1. It is well known that this contribution to the
column strength due to spiral reinforcement is obtained only with
large plastic deformations and is unstable; the concrete is held in a
plastic equilibrium and lacks resistance to bending or buckling. Hence,
the factor 2 applies to short, "flat-ended" columns, but should be
greatly reduced for long or "hinged-ended" columns. Values of the
factor determined from tests of short columns commonly vary from
1.5 to 2.5.
A second part of the term in Equation (2) for spiral strength which
may involve error is the value of f,'. The wire or rod commonly used
in making spirals receives some cold-working in the coiling process,
and also lacks a well-defined yield point. A study of the results of
many column tests indicates that the critical strength of the spiral as
reinforcement is greater than the proportional limit value and less than
the ultimate strength. A correlation of measured strains in spiral wires
with maximum column loads led in 1931 (41 to the adoption of a "useful
limit" for spirals, defined as the stress in the spiral at a strain of 0.005
and intended as a criterion of the maximum dependable contribution of
the spiral to the total strength of the column. The strain of 0.005 is
again an average value, but its reliability is enhanced by the fact that
it is located at a part of the stress-strain curve of the spiral wire
where a considerable variation in strain is usually accompanied by only
small change in stress.
Chapter III relates to the general problem of columns under
eccentric load, or combined flexure and axial stress. Frequent reference
is made to the theoretical stress "on the uncracked section" for such
members. This naturally refers to those combinations of load in which
tensile stresses are either absent or too small to produce tension cracks.
The full concrete section is thus fully effective and the expression for
the extreme fiber stress is simple. Superimposing the effect of direct
compression and bending gives the familiar expression:
P Me P ec\fe -+ I = - 1 . (3a)A' I' A' k' )
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In that expression
f, is the extreme fiber stress in the concrete
P is the applied load
M is the applied moment, or Pe
e is the eccentricity, or distance from the resultant load to the cen-
troid of the column section
c is the distance from the centroid of the section to the extreme
fiber
k is the radius of gyration of the equivalent or transformed con-
crete section
A' is the area of the transformed section
I' is the moment of inertia of the transformed section.
It is frequently assumed further that failure of the column will
occur when the compressive fiber stress, fc, reaches a particular value
for the concrete, regardless of the proportion of the bending stress to
the total stress. This assumption leads to Equation (4):
Peec 1pe
_  (4)
Paxial ec
1+
k2
wherein Pece and Paxial represent the maximum column loads under
eccentric and axial load, respectively.
From what is known about concrete, it would be expected that the
value of P.e. should actually be greater than is indicated by Equa-
tion (4), since a member subjected to flexure alone will develop a
calculated extreme fiber stress much greater than the strength f
,
' of a
control cylinder. Slater and Lyse (5' showed that the ratio of compres-
sive fiber stress (computed by the conventional straight-line theory) to
the cylinder strength f
,
' will range from 1.40 to more than 2.0 over a
wide range of concrete strengths. This is presumably due to plastic
yielding at the extreme fiber, which modifies the stress distribution and
increases the area of the section that can contribute at a high stress
intensity to the compressive resistance of the section. Now, for the
stress distribution in an eccentrically loaded column, which is a com-
bination of direct and flexural stress, it seems that when the latter is
relatively small, Equation (4) should apply with accuracy but that
as the flexural stress becomes relatively greater, Equation (4) should
give increasingly conservative results. The correctness of this line of
reasoning is discussed in Chapter III.
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It seems logical that in applying Equation (4) a distinction should
be made between the case of tied columns or of spiral columns with
heavy shells, in which the degree of plasticity of the concrete may be
limited, and the case of spiral columns without shells, in which large
plastic deformations must be developed, under axial load, to produce
the full potential capacity of the column. In the former, with eccentric
loads, plastic deformation will be large only at the extreme fiber in
compression and presumably will serve a beneficial purpose in dis-
tributing the high fiber stress over a larger area. However, in the case
of an axially loaded spirally reinforced column with no shell - in
which (a) perhaps 40 per cent of the load capacity is due to the spiral
and requires complete and extensive plastic deformation, (b) the
stiffness of the concrete is thereby reduced to perhaps one-tenth of its
original value, and (c) the column is in a state of very unstable
plastic equilibrium - it does not seem reasonable that the column
strength produced by the spiral restraint will be maintained if bend-
ing stresses are introduced. It may be expected that instead of develop-
ing strengths higher than those given by Equation (4), such columns
would show lower values. Fortunately, such columns do not represent
construction practice.
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II. MATERIALS AND TESTING PROCEDURES
4. Materials.-The columns described herein were made and tested
during six college years - 1914, 1915, 1916, 1925, 1936, and 1938. The
ten groups of tests are denoted as Series 14, 15, 16a, 16b, 25a, 25b, 25c,
36, 38a, and 38b. Descriptions of the materials used and the details of
fabrication of the columns are given with reference to those serial
designations.
(a) Aggregates
Wabash River sand and gravel were used in all series; in addition,
in two groups of tests use was made of stone, fly-ash, and cinders.
Sieve analyses of the different aggregates are given in Table 1.
(b) Cement
Portland cement of one of the standard brands was used in all the
tests, except that in Series 36 a blend of equal parts of four brands
was used. The various lots of cement passed the usual specification
tests; for the sake of brevity the results are not listed here.
(c) Reinforcing Steel
Tensile properties of the reinforcing bars and spirals used in the
various columns are listed in Table 2. Probably the most important
property of bars used as column verticals is the yield point stress; all
the bars used in these tests had a well-defined yield point. For the
TABLE 1
SIEVE ANALYSES OF AGGREGATES
Series
14
15
16
25
36
38(a)
38(b)
38(b)
14
15
15
16
25
36
38(a)
38(b)
38(b)
Material
Sand
Sand
Sand
Sand
Sand
Sand
Sand
Fly Ash
Gravel
Gravel
Stone
Gravel
Gravel
Gravel
Gravel
Gravel
Cinders
Per Cent of Sample Retained on Sieve No.
1 in.
12
12
0
0
0
2
0
0
3
3 in.
29
29
3
16
4
35
20
18
28
% in.
0
0
0
0
0
0
0
90
90
46
81
64
91
92
82
57
4
10
10
14
2
2
3
3
98
98
80
96
95
99
99
97
66
8
39
39
42
20
18
20
17
99
99
96
98
99
100
100
100
76
16 30
60 82
60 82
64 81
43 69
37 61
38 62
34 54
84
90
90
50
96
96
96
94
89
92
87
1
94
100
99
99
99
99
98
99
100
6
100
Fineness
Modulus
3.86
3.86
3.96
3.27
3.05
3.13
2.95
0.07
7.16
7.16
6.25
6.91
6.62
7.25
7.10
6.97
5.98
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TABLE 2
TENSILE PROPERTIES OF REINFORCING STEEL
Series
14
14
14
14
15
15
15
16
16
16
16
25
25
25
25
36
36
36
36
38(a)
38(a)
38(a)
38(a)
38(a)
38(a)
38(a)
38(a)
38(a)
38(a)
38(b)
38(b)
Kind
of
Reinf.
Spiral
Spiral
Spiral
Long.
Spiral
Spiral
Spiral
Spiral
Spiral
Long.
Long.
Spiral
Spiral
Long.
Long.
Spiral
Spiral
Long.
Long.
Spiral
Spiral
Spiral
Spiral
Spiral
Spiral
Spiral
Spiral
Spiral
Long.
Spiral
Long.
Bar
Diam.,
in.
416
Ais
M«
14
16
Y8
jie
M4
M2
12
0.364
0.307
0.249
0.225
0.191
0.161
0.148
0.135
0.106
0.207
Y
Kind of Bar
plain rd.
plain rd.
plain rd.
plain rd.
plain rd.
plain rd.
plain rd.
plain rd.
plain rd.
plain rd.
plain rd.
plain rd.
plain rd.
plain rd.
plain rd.
pl. rd. wire
pl. rd. rail
def. sq. rail
def. sq. int.
No. 000 wire
No. 0 wire
No. 3 wire
No. 4 wire
No. 6 wire
No. 8 wire
No. 9 wire
No. 10 wire
No. 12 wire
def. rd. hard
No. 5 wire
def. rd. int.
def. rd. int.
Yield
Point or
Useful
Limit,
p.s.i.*
72 000
54 000
51 000
33 300
64 300
58 800
55 500
47 500
43 800
38 100
42 400
65 000
44 000
40 400
36 700
80 600
62 800
63 200
46 700
61 600
72 400
76 200
63 400
90 100
80 200
89 800
97 000
78 200
50 800
37 000
51 700
Ultimate
Tensile
Strength,
p.s.i.
78 500
87 900
84 400
50 500
97 400
97 700
92 200
68 500
65 200
54 600
67 600
79 000
87 100
59 800
56 300
109 500
118 000
114 700
77 000
66 000
76 500
80 200
68 700
94 700
87 100
92 400
108 400
98 600
80 300
51 300
82 700
Per
Cent
Elonga-
tion in
8 in.
2.1
21.0
21.1
10.3
13.5
17.5
18.1
18.1
27.2
28.4
4.2
15.4
28.0
29.5
3.7
10.3
11.1
22.6
6
3
2
4
2
2
2
2
21.4
22.4
22.4
* The yield point stress is given for all vertical bars, which in all cases had a well-defined yield
point. The "Useful Limit," given for all spiral steel is defined as the stress corresponding to a strain
of 0.005 in. per in.
spiral reinforcement a property has been determined which is called the
"useful limit" stress; it is defined as the stress at which the strain in
the spiral wire reaches a value of 0.005.
The tests of spiral steel were made on coupons cut from the bar or
wire stock from which the spirals were fabricated. From previous
studies of the properties of spiral steel it seems likely that the cold-
working applied in fabricating the spirals should have raised the useful
limit slightly above the values given in Table 2.
Both hot-rolled and cold-drawn material were used in the various
spirals, as indicated by the physical properties of Table 2. Generally
the / 6 -in. and some of the ¼-in. stock was cold-drawn, while the
larger sizes were hot-rolled rod. Part of the spirals of Series 36 were
of re-rolled rail steel; all those of Series 38a were of cold-drawn wire.
Per
Cent
Reduc-
tion in
Area
59.1
60.7
56.7
28.0
34.3
45.7
55.9
61.5
66.0
56.2
66.4
66.4
47.2
46.2
38.0
50.3
62
53
49
56
44
42
44
38
37
No.
of
Tests
6
6
6
4
6
6
6
9
9
14
14
13
15
24
18
40
30
50
150
3
3
2
3
2
2
2
2
3
20
16
8
1638(b) Long. 47 8U00 7 000
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The longitudinal bars of the earlier series were of structural or
intermediate grade, but some re-rolled rail bars were used in Series 36
and hard grade steel was used in Series 38a.
TABLE 3
COMPARISON OF TENSILE AND COMPRESSIVE ELASTIC LIMIT STRESSES IN STEEL
Bar Elastic Limit or Yield Point, p.s.i.* No. of Tests
Series I
Diam. in. Kind In Tension In Compression Tension Compression
16 pi. rd. 36 200 38 800 14 7
1 pi. rd. 41 500 38 600 14 7
25 TI6 pl. rd. 40 400 36 000 24 4
p l. rd. 36 700 36 700 18 5
* In Series 16, the only values recorded are for Johnson's elastic limit, defined as the stress at
which the slope of the stress-strain curve becomes 1.5 times the initial modulus of elasticity. In Series
25, values of the yield point stress were well defined and only slightly greater numerically than the
stress at Johnson's elastic limit.
The properties of the bars given in Table 2 were obtained from
tension tests, whereas the longitudinal column rods were actually
stressed in compression. To furnish a comparison between the tensile
and compressive properties of the steel, tests of both kinds were made
on coupons cut from the same bar in two series of tests. Table 3, con-
taining a summary of these tests, indicates that there is very little
consistent difference between the tensile and compressive elastic
strengths of the several bars tested. This conclusion is in accord with
observations on tensile and compressive yield points and proportional
limits that have. been made in tests of structural steel columns.
(d) Concrete
The concrete mixtures used in Series 36 and 38 are representative
of present-day structural concrete. Those used in Series 14 to 25
developed much lower strengths for corresponding mixtures and are
typical of the concrete used twenty to thirty years ago. The differ-
ence in strength for the two periods is due mainly to improvement in
the quality of the cement and to more careful control of the water
content in recent years. In all cases, the concrete was designed to
permit easy placement around the reinforcing steel. The maximum size
of coarse aggregate was held to 1 in., so that the material would flow
through the reinforcing spirals.
The concrete of all series was mixed in a batch mixer of 1/5 cu. yd.
capacity. All materials were measured by weight, and the moisture
BUL. 368. REINFORCED CONCRETE COLUMNS
TABLE 4
DATA RELATING TO CONCRETE MIXTURES
Series
14
15
16(a)
16(b)
25(a)
25(b)
25(c)
36
38(a)
38(b)
Proportions,
by wt.
1:1.05:1.8
1:2.10:3.6
1:3.15:5.3
1:1.15:1.9*
1:2.30:3.8*
1:3.45:5.7*
1:2.30:4.2
1:2.2:3.9
1:2.2:3.9
1:2.5:3.2
1:2.5:3.2
1:2.5:3.2
1:1.1:1.9
1:4:5
1:3.25:4.0
1:2.25:2.75
1:3.85:4.30
1:2.50:2.70
1:1.75:2.00
1:1.0:2.2t
1:3.85:4.3
Average
Slump,
in.
7.9
7.7
7.9
9.2
6.5
5.9
6.1
7.5
8.0
7.5
3.0
2.7
Average
Comp.
Strength,
i
Water-
Cement
Ratio,
by vol.
0.60
0.90
1.20
0.60
0.98
1.45
0.80
0.99
0.99
0.99
1.40
1.10
0.80
1.14
0.81
0.63
1.381
1.08
Kind of Test
Piece
8x16 cyl.,
age 60
days
8x16 cyl.,
age 60
days
(8x16 cyl.,
(age 60 da.
6x12 cyl.,
age 28
days
6xl2 cyl.,
age 28
days
6x12 cyl.,
age 28
days
6x12 cyl.,
age 28
days
* Sand and stone aggregates.
t Fly ash and cinder aggregates; all others sand and gravel aggregates.
I Of this amount, about 30 per cent represents water added to fly ash 24 hr. before mixing, and
protected from evaporation.
condition of the aggregates was checked regularly, in order to main-
tain an accurate control of water content and consistency. Information
regarding the mixtures is given in Table 4.
5. Types of Column.-In general, all the axially loaded columns
had "flat" ends. That is, the ends of the concrete portion were plane,
the reinforcing bars were milled to exact length, and the bar ends
were brought flush with the concrete bearing surface. This was best
accomplished in the making of the columns by clamping the bars
between a machined base plate at the bottom and a cast iron ring at
the top, through which the concrete was deposited in the form. After
the concreting was completed, the upper ring was removed and a neat
cement cap was applied to bring the concrete bearing surface into the
plane of the bar ends.
Most of the columns were circular; a few were square or L-shaped.
Those designed for large eccentricities of loading were provided with
anchor bolts and special brackets at the ends.
p..s.
3460
2090
880
3785
1565
650
1825
1820
1750
1915
1850
1885
2520
3820
5615
Kind of
Cement
Universal
Universal
Universal
Blend of
(Universal
Medusa
Lehigh
Lone Star
Marquette
Peerless
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A summary of the sizes and numbers of columns follows:
(a) Eccentric Loading
Series 36- 8- to 13-in. diameter or 10 in. square, 5 ft. long...... 82 columns
Series 16b - 12-in. diameter, 5 and 10 ft. long.................. 24 columns
Series 25b- 8-in. diameter, 6 ft. 8 in. long..................... 22 columns
(b) Varying Slenderness
Series 25a-8-in. diameter; 5, 10, 15, and 20 diameters long.... 56 columns
Series 16a-- 12-in. diameter; 5, 10, 15, and 20 diameters long.... 42 columns
(c) Protective Shells
Series 38a-6-in. cores, 45 in. long; %, 1 and 1%/ in. shells......168 columns
(d) Miscellaneous
Series 14 - 12-in. diameter; 5, 10, and 20 ft. long; 3 concretes.... 29 columns
Series 15--8-in. diameter; 40 in. long; 3 concretes............. 45 columns
Series 25c - 8-in. diameter, 40 in. long; 2 concretes............ 20 columns
Series 38b - 8-in. diameter, 60 in. long; 2 kinds of aggregate.... 16 columns
Total........................................ 504 columns
6. Fabrication and Curing of Columns.-Before the column steel
was placed in the forms for concreting, it was assembled into a unit or
cage. The longitudinal steel was placed inside the ties or spirals and
securely wired to them. A spacing block or mandrel was used to provide
accurate spacing of the bars. The unit was placed in the column form
and, when necessary, spacers were provided to keep the cage accurately
centered in the form.
The forms for part of the circular columns were made from 6-, 8-,
or 12-in. steel pipe split into quadrants and milled at the ends in
order to stand normal to the machined base plate. The forms were
carefully leveled and plumbed to facilitate centering the columns in
the testing machine. They were held together with steel clamps. For
7- and 9-in. diameters of column, an approximately circular form was
produced by adding 1-in. filler strips between quadrants of the 6-
and 8-in. forms. The 10-, 11-, and 13-in. circular forms were made
of No. 26 gage sheet steel.
The square forms of Series 36 and 38 were made of wood, and the
special brackets for applying eccentric load in Series 25b and 38 were
also produced by using wooden forms.
As noted before, in concreting the columns care was taken to bring
the milled ends of column bars into the plane of the concrete bearing
faces.
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In all columns, a reasonably fluid consistency of concrete was used,
to facilitate its placing around the reinforcing unit. The concrete was
generally puddled with a steel tamping rod, and the exterior of the
form was rapped lightly by hand with a mallet or with a small air
hammer. In Series 38, a small internal vibrator was also used to com-
pact the concrete. At the completion of the concreting operation, the
concrete level was left a little below the tops of the reinforcing bars.
After the concrete had stiffened, a thin layer of neat cement was
applied and a plane end was formed by forcing a machined plate down
to the level of the milled bar ends.
Forms were removed the day after the columns were cast, and in
the most recent tests, gage lines were prepared for strain measurements
at this time. In Series 36 and 38, the columns were then stored in the
moist room until they were tested, at the age of 28 days. Those of
the earlier series were cured for 6 weeks under wet burlap, and
then stored in air until they were tested at the age of about 60 days.
In all cases either 2 or 3 control cylinders were made, stored, and
tested with each column, as indicated in Table 4.
7. Testing Procedure.-There was naturally some variation in test-
ing technique over the period covered by these tests, but the funda-
mental procedure did not change greatly. All axially loaded columns
were tested with "flat ends"; that is, the plane ends of the column bore
against one or more spherical blocks which permitted accurate center-
ing and plumbing of the column in the testing machine, and then were
wedged in a stationary position to prevent rotation during the test.
Load was applied in increments, generally ten or more, and a series
of strain measurements was taken after each load increment was
applied.
In Series 14 to 25, no protective shells were used; as a result, the
reinforcing steel was close to the column surface where gage lines could
be located conveniently for reading with the Berry strain gage. In
Series 16, gage lines were located on four sides of the column near top,
middle, and bottom. These included 10-in. longitudinal lines on both
concrete and steel and 4-in. lateral lines on the spiral. For the longer
columns, additional measurements were taken at the quarter-points
of height. The number of gage lines ranged from 44 to 68 per column.
In Series 25, 8-in. and 2-in. Berry gages were used on 36 to 60 gage
lines per column. Series 16a and 25a included relatively slender
columns, and in these tests the lateral deflections of the column at
mid-height were measured by use of a fine wire attached to the top
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and bottom of the column; the movement of the wire relative to the
column at mid-height was noted by means of a pair of mirrors and
scales. The deflection in two rectangular coordinates was read with an
accuracy of about 0.01 in.
In Series 36, readings were taken with a 10-in. Whittemore strain
gage at three column levels on longitudinal lines only. Rotations of
the ends of the columns were measured by means of a level bar, or
clinometer, and the deflection of the column at mid-height was also
measured. From the previous tests it was felt that, without sacrificing
essential data, the number of gage readings might well be decreased
and a larger number of columns tested. Generally, twelve strain read-
ings were taken per column.
In Series 38, strain measurements were further complicated by the
spalling of the concrete shells, with attendant destruction of gage lines
in the concrete, long before the failure of the spirally reinforced con-
crete. Hence, the strain measurements on these columns were taken
with fixed gages of 20-in. length attached at opposite sides of the
column at mid-height. These gages carried 0.001-in. Ames dial microm-
eters, and readings of strain on the 20-in. length were estimated to
the nearest 0.0001 in. Lateral gages indicating diametral strain were
also used. The change in column diameter was estimated, by use of
these gages, to 0.00005 in.
All the columns were tested in either a Riehle testing machine of
600,000-lb. capacity or a Southwark-Emery machine of 3,000,000-lb.
capacity.
Other special features of the tests, such as the method of applying
eccentric loads,,are described in connection with the data of the tests
to which they apply.
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III. CoLUMNs UNDER ECCENTRIC LOADING
8. Bending Moments in Columns.-Far more attention has been
given by investigators to the analysis and design of axially loaded
columns than to the corresponding treatment of eccentrically loaded
ones. Designers have recognized the presence of statically determined
bending moments, such as those due to cantilevers or crane brackets,
but frequently have not felt it necessary to determine, and design for,
statically indeterminate moments such as those produced by continuity
of floor systems with building columns. Though such moments are
definitely recognized, the proper design procedure is still not too well
established, because of a scarcity of test data on the subject. Of more
than two thousand tests of reinforced concrete columns on record,
few have employed a combination of bending and axial loading.
Several developments in recent years have given new emphasis to
the problem of bending in columns. These include: (a) requirements in
the 1941 ACI Building Regulations for Reinforced Concrete that
columns and girders in buildings be analyzed as rigid frames-thus
recognizing the possibility that bending stress may exist in any build-
ing column; (b) utilization, in structural design, of the protective
concrete shells of columns, which had previously been neglected in com-
puting the flexural resistance of such members; and (c) demonstration
by long-time tests that the modular ratio, n, may increase, because of
time yield, to three or four times its initial elastic value, thus invali-
dating most existing theoretical analyses and design procedures based
on a definite value of n. Furthermore, whereas column formulas once
contained a sufficiently large factor of safety to compensate for some
bending stress in any column, the gradual increase in allowable
column loads has now made it necessary to recognize those cases in
which bending stresses are significant and to make special designs
for them.
The term "eccentric load" is commonly used to indicate various
combinations of axial compression and bending moment. Probably the
most severe type of eccentricity is that in which the column load is
applied parallel to and at some distance, e, from the axis of the
column. The distance, e, is then the eccentricity of load for the full
height of the column. Obviously, with such a loading, the bending
and axial stresses increase in direct proportion, if one neglects the
secondary effect of column deflection. Such deflection will slightly in-
crease the initial eccentricity (and consequent bending moment) at
mid-height of column. This type of loading is more severe than an
oblique loading, which would produce maximum moments at the ends
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of the column and a point of contra-flexure at mid-height. Both types
of bending are found in building columns, but all the tests reported in
this chapter employed the severest condition, with a constant eccen-
tricity and moment throughout the full column height.
In general, eccentricity of loading may be considered as the result
obtained by dividing the applied bending moment by the axial load
on the column.
9. Tests of Series 36.-
(a) General Outline
This series of 82 columns (6) was made in order to study the effect
of eccentric loading on columns, both with and without protective
shells. The range of eccentricities was larger than that used in most
previous tests. A few tests were included in order to study the effect
of eccentric loads applied on the diagonal axis of square and L-shaped
TABLE 5
OUTLINE OF TESTS OF ECCENTRICALLY LOADED COLUMNS, SERIES 36
Two companion columns in all cases. Columns 5 ft. long. Spiral core diameters, 8 in. out-to-out.
All spirals were M-in. round at l16-in. pitch, furnishing 2 per cent of volume of 8-in. core. Column
ties were 8 in. square, 4 -in. wire at 9-in. spacing. Vertical bars were Y in. square, deformed. Vertical
steel percentages are based either on 8-in. circular core area or on gross area. Eccentricity along rec-
tangular axis of symmetry for Cols. B1 and B3; along diagonal axis for Cols. B2, B4, and B5.
Percentage of Reinforcement
Vertical
GROUP A. ROUND COLUMNS, Int. Grade Verticals, Drawn Wire Spirals
Al 2000 4 1.5 2 134 0,1, 4 6
A2 3500 4 2.1 2 11l 0,1,2,4,8 10
A3 3500 4 4.0 2 8 0,1,2,4,8 10
A4 5000 4 2.6 2 10 0,1, 4 6
GROUP B. SQUARE COLUMNS, Int. Grade Verticals, Rail Steel Spirals
Bl 3500 4 2.0 2 10 sq. 0,1, 4,8 8
B2 3500 4 2.0 2 10 sq. 0, 1, 4,8 6
B3 3500 ... 2.0 0 10 sq. 0,1, 4,8 8
B4 3500 ... 2.0 0 10 sq. 0,1, 4,8 6
B5 3500 ... 2.7 0 10x5, L 0,1, 4 6
GROUP C. ROUND COLUMNS, Rail Steel Verticals and Spirals
Cl 3500 2 1.1 2 110 0, 2 4
C2 3500 4 2.1 2 110 0,1, 4,8 8
C3 3500 6 3.2 2 11 0, 2 4
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FIG. 1. METHODS OF APPLYING ECCENTRIC LOAD, SERIES 36
columns. Another unusual feature of the tests was the use of rail steel
bars and spirals in addition to those of billet steel. Since each grade
of steel was used with a complete range of eccentricities, comparisons
were possible within each of three groups of columns. A condensed
outline of the series is given in Table 5.
To accommodate the various eccentricities of loading, three types
of end details of columns were used. For eccentricities of 0, 1, and 2 in.,
the ordinary plane ends were provided and special roller-bearing shoes
were used to permit almost frictionless rotation in the plane of the
eccentricity, as shown in Fig. 1(a). For some of the 4-in. eccentricities,
a special bracket was cast on each end of the column to provide in-
creased bearing area. For most of the 4-in. eccentricities and all the
8-in., structural steel brackets were attached to the ends of the column
by means of anchor bolts embedded in the tension side of the column,
as illustrated in Fig. 1(b), and load was applied to the steel brackets.
The anchor bolts did not extend to the middle third of the column
length, where the normal section of the column was maintained.
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(b) Results of Tests
The principal numerical results of the column tests are given in
Table 6. Most of the table headings are self-explanatory. Under "Ulti-
mate Load," two values are recorded-a "first maximum" and a
TABLE 6
RESULTS OF TESTS OF ECCENTRICALLY LOADED COLUMNS, SERIES 36
Two companion columns, 5 ft. long, 8-in. spiral diam. Concrete strengths from three 6- by 12-in.
cylinders for each column. First maximum load at failure of shell; second maximum developed by
action of spiral. Manner of failure: T= Tension; C = Compression; B= local bearing failure.
Reinf.
Vert.
Pi
2.0
2.0
2.0
2.7
1.1
2.1
3.2
Spiral
p'
0
Ala 0
b 1
d 4
A2a 0
b 1
c 2
d 4
e 8
A3a 0
b 1
c 2
d 4
e 8
A4a 0
b 1
d 4
Bla 0
b 1
c 4
e 8
B2b 1
d 4
e 8
B3a 0
b 1
d 4
e 8
B4b 1
d 4
e 8
B5a 0*
b 1"
d 4*
Cla 0
c 2
C2a 0
b 1
d 4
e 8
C3a 0
c 2
Ec-
cen-
tric-
ity
e,
in.
* Probably inaccurate, because of difficulty in determining centroidal axis.
0
0
2
2
2
10
sq.
11
rd.
P- IC„ I Max. Load, P, Ratio
Concr. thousands of
Strength Pounds Manner
of
P 1 Failurepsi. 1st 2nd pal Ic
2490 342.8 252.0 1.00 1.00 C
2710 275.8 196.0 0.804 0.600 C
2355 103.7 101.4 0.303 0.273 T
4280 338.4 287.3 1.00 1.00 C
4100 232.4 207.4 0.687 0.571 C
4010 179.9 171.2 0.531 0.400 C
4160 130.8 123.9 0.387 0.250 T
3905 46.7 45.6 0.138 0.143 T
4170 309.6 ..... 1.00 1.00 C
4030 231.5 ..... 0.748 0.530 C
3480 137.0 ..... 0.443 0.360 C
3505 69.5 ..... 0.224 0.209 T
3725 38.7 ..... 0.125 0.123 T
5620 388.6 381.7 1.00 1.00 C
5440 278.3 260.2 0.716 0.555 C
5780 111.2 90.6 0.286 0.238 T
4060 396.8 320.7 1.00 1.00 C
3935 274.1 229.9 0.691 0.617 C
3590 113.2 107.0 0.285 0.287 T, C
4060 55.7 50.2 0.140 0.168 T
4160 289.5 252.5 0.730 0.532 C
3780 109.3 ..... 0.275 0.221 T
3560 47.8 47.7 0.120 0.124 T
3480 313.4 ..... 1.00 1.00 C
3550 252.6 ..... 0.806 0.632 C
3580 107.7 ..... 0.344 0.301 T, C
3740 61.6 ..... 0.197 0.177 T
3120 254.6 ..... 0.812 0.549 C
3420 90.5 ..... 0.289 0.234 T, C
3030 54.3 ..... 0.173 0.133 T
3065 225.8 ..... 1.00 ..... C
3140 198.2 ..... 0.878 ..... C
3230 75.4 ..... 0.334 ..... T, C
3890 304.9 289.9 1.00 1.00 C
3720 177.2 153.4 0.581 0.402 C
3900 365.3 357.2 1.00 1.00 C
4055 284.1 267.7 0.778 0.571 C
4060 83.9 ..... 0.230 0.250 B
4015 53.1 ..... 0.145 0.143 T
4115 408.0 420.1 1.00 1.00 C
4230 211.0 214.1 0.517 0.397 C
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FIc. 2. RELATION BETWEEN ECCENTRIC AND AXIAL LOADS
AND ec/k', SERIES 36
"second maximum." The "first maximum" represents the initial failure
of the concrete shell, which spalled off to some extent, permitting the
column to deform and resulting in a sharp decrease in the load applied
by the testing machine. With further motion of the loading head, the
load gradually built up again as the restraint furnished by the spiral
reinforcement came into play. These columns were designed to have ap-
proximately equal strengths produced by shell and spiral, under axial
load; however, as actually fabricated, the spiral generally produced
less strength than the shell. It is evident that under eccentric loads
the spalling of the shell on the most highly stressed face of the column
also had the effect of increasing the eccentricity of loading, so that in
general the "second maximum" load at final failure of the column was
not as great as the first. The two phases of maximum load, which
would always occur under axial loads with spirally reinforced columns
with shells, were also observed in these tests with eccentric loads.
All the columns with 8-in. eccentricity of loading, and about half
of those with 4-in. eccentricity, failed by tension. In most of the re-
mainder having 4-in. eccentricity, the cause of failure is uncertain; in
a few cases, it was apparently due to poor bearing at the ends of the
columns. With the percentages of reinforcement generally used, the
4-in. eccentricity seems to be near the border line between compression
and tension failures, a majority being of the latter type.
The results of Table 6 are plotted in Fig. 2, in which the relative
strength of eccentrically loaded to axially loaded columns are ordi-
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nates and values of ec/k 2, are abscissas. (In the quantity ec/k 2, e is
the eccentricity of loading, c the distance from the centroid of the
cross-section to the extreme fiber in compression, and k the radius
of gyration of the column section.) Values for columns which failed in
tension have no great significance on this diagram, which is intended
to compare resistances in compression; but tension values are plotted
to indicate at least a lower limit of the unknown compression values.
For comparison with the plotted points in Fig. 2 a curve is shown,
based on the familiar theory of stress in a homogeneous member ec-
centrically loaded, and represented by Equation (4), Section 3.
In computing the values of k, used in Equation (4), the usual
design values of n have been used. However, it would make little dif-
ference in this case if actual values of n obtained from tests had been
used. In fact, the effect of the reinforcing steel might be omitted
entirely without changing the position of the plotted points greatly.
This could be done by replacing the values of ec/k 2 by 8 e/d for cir-
cular columns and 6 e/d for square columns loaded on the rectangular
axis, wherein d is the over-all depth of the column section. A study
of the two sets of values for these columns reveals that the quantity
1 + ec/k 2 would be decreased only slightly by neglecting the reinforc-
ing steel-not more than 10 per cent in the extreme case, and generally
much less.
The significance of Fig. 2 appears to be that for values of ec/k 2
representing compression failures the tests showed a considerable
margin of strength above that given by the theoretical curve. This
result is in accordance with general knowledge regarding flexural com-
pressive failure of concrete, which requires a much higher stress, as
computed on straight-line theory, than that producing failure under
axial load. In the quantity 1 + ec/k 2 the two terms represent relative
values of axial and flexural components of the stress; when the second
term becomes very large, it seems reasonable that the resistance to the
combined stress will approach closely to that of concrete in flexural
compression. Thus, while a small eccentricity theoretically produces a
marked reduction in load capacity, there is a simultaneous increase in
concrete resistance due to the type of stress distribution.
A condition of the method of testing and its effect upon the results
merits consideration. All the columns were tested with ends pivoted,
or supported by a roller shoe with very low frictional restraint. This
is probably a more severe condition than will occur in a framed struc-
ture, where the eccentricity is generally due to a bending moment pro-
duced through continuity of columns with floor systems. Comparing
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the axially loaded columns of this series with the "flat-ended" columns
used in previous tests, it appears that these "hinged-ended" columns
are weaker by roughly 15 per cent. It seems reasonable that the ec-
centrically loaded columns of this series are similarly weaker than
columns rigidly framed into other members of a building frame.
(c) Effectiveness of Protective Shells
The tests afford some comparisons indicating the effectiveness of
the shells of spiral columns which were designed to produce a portion
of the column strength roughly equal to that furnished by the spiral.
Groups A2 and A3 consisted of identical columns except that those in
group A2 had 11/-in. shells, whereas those in group A3 had none. The
axially loaded A2 columns were 9 per cent stronger than the A3
columns, evidently due to an excess of strength in the shell, for after
the shell had failed in the A2 columns, the strength with the spiral in
action was 7 per cent less than for the A3 group. For the same groups,
with 1-in. eccentricity, the initial strengths were equal. With 2-, 4-,
and 8-in. eccentricities, the columns with shells showed advantages
of 31, 88, and 21 per cent respectively. In none of the columns with
shells did the strength produced by the spiral reach the initial value
produced by the shell; in the group without shells, after a maximum
load had been reached (with spirals unbroken), a rest and reloading
produced in some cases a new maximum load slightly higher than the
first, evidently due to a consolidation of the core concrete. The strains
at the maximum load for group A3 were naturally much greater than
at the initial failures in the A2 group, with shells. End rotations and
deflections were similarly higher in the A3 group.
The above comparison was planned as a study of the two common
design concepts, using (1) gross area and (2) core area of a column
in bending. Obviously, higher strengths would be expected from the
columns with shells, in view of their lower values of ec/k 2 .
In none of the tests was there any indication of a surface of weak-
ness between shell and core. Even where the shell failed on one side
of an eccentrically loaded column, the remaining shell stayed integral
with the core.
(d) Effect of Axis of Loading
The plane of bending of the square columns of group B1 and B3
was along a rectangular axis of the section; that for groups B2 and B4,
along a diagonal axis. For axial loading, the tests are identical. With
eccentric loads, since the bending stress should vary inversely with the
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section modulus, which is 0.7 as great for the diagonal as for the
rectangular axis, groups B1 and B3 should theoretically be stronger
than groups B2 and B4. The strength ratios of group B1 to B2, spiral
columns, for 1-, 4-, and 8-in. eccentricities are 0.95, 1.04, and 1.17;
for similar tied columns of groups B3 and B4, 0.99, 1.19, and 1.13. The
reduced strength with diagonal loading is increasingly apparent as the
eccentricity increases, but is not as great as might be expected from
the theory of a homogeneous elastic member. However, this result is
in general accord with other tests of members in which the extreme
fiber in bending is confined to a 90-deg. edge of a square member.
Overstress at the extreme fiber produces plastic yielding and brings
adjacent material into action, instead of precipitating failure of the
member.
(e) L-Shaped Columns
Group B5 of Table 5 consisted of six columns of L shape, formed
by cutting away one quarter of a 10-in. square section. Corner columns
of a building are sometimes of this shape; and if beam moments are
equal in the two directions, such columns will be subjected to moment
in a 45-deg. diagonal plane. These columns were therefore loaded at
points along the axis of symmetry. The "axial" load was applied at the
calculated centroid of the section; but this method of loading actually
produced noticeable bending, which caused the column to deflect at
mid-height toward the inside (re-entrant) corner. This procedure may
have reduced the strength below that of a column truly axially loaded.
For the eccentrically loaded columns the eccentricity was also meas-
ured from the calculated centroid along the axis of symmetry and
hence was in all probability smaller than the intended value, since
the column deflection was opposite in direction from that for "axial"
load. The two accidental effects, a reduced axial load and reduced
eccentricities of the other loadings, evidently combined to produce
unduly high strength ratios between the eccentrically and the axially
loaded columns, as shown by the two points farthest from the curve
of Fig. 2.
(f) Spiral vs. Tied Columns
The columns of groups B1 and B2 were 10 in. square, with 2 per
cent of spiral (on an 8-in. core) and eight '-in. square bars, equally
spaced inside the circular spiral. Those of groups B3 and B4 were also
10 in. square, with 8-in. square ties and eight %-in. square bars, equally
spaced inside the square ties. A comparison of tied and spiral columns
is thus possible, though there is a considerable difference in concrete
strength which is hard to adjust. Without any adjustment the strengths
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for spiral columns average about 15 per cent higher than for the tied
ones, except for those with 8-in. eccentricity; these failed in tension.
For the axially loaded columns of groups B1 and B3 an adjustment
amounting to 85 per cent of the difference in concrete strengths times
the gross area may be applied; such adjustment still shows a 12 per
cent advantage for the spiral column. The method of adjusting does
not apply accurately to the eccentrically loaded columns, but if used
with the columns of 1-in. eccentricity, it shows an advantage of 4 per
cent for the tied columns. The adjustment becomes still more doubtful
of application to the columns with 4-in. eccentricity, but shows an
advantage of about 8 per cent for the spiral columns. For the columns
with 8-in. eccentricity, which clearly failed by tension, the effect of
strength of concrete was evidently negligible; with no adjustment
applied, the tied columns were about 10 per cent stronger than the
spiral ones. The difference is fully explainable as due to the more effec-
tive arrangement of the reinforcement in a square pattern in the tied
columns as compared to the circular pattern required in the spiral
columns.
It may be concluded that spiral columns have little, if any, ad-
vantage in strength over tied columns when loaded eccentrically to
produce compression failure; when the bending is so large as to
produce tension failure, the tied column may show a slight superiority
due to the possibility of placing the vertical bars where they will pro-
duce a little more flexural resistance than if they were kept within a
circular core, as in the spiral columns.
An advantage of spiral columns, not indicated by the strengths
quoted above, is their well-known "toughness," or resistance to a
sudden crushing or shearing failure. Toughness was indicated by the
development of a "second maximum" load and the absorption of a
large amount of deformation, even in eccentrically loaded columns,
before complete failure. This property appears to be the most valid
reason for the common practice of allowing higher working stresses
on spiral columns than on those with ties only.
(g) Intermediate vs. Rail Steel Reinforcement
The columns of groups A2 and C2 were alike except for the grade
of reinforcement used. The spiral reinforcement may be neglected if
the comparison is made on the basis of initial shell failure, since at
that stage the spiral reinforcement exerts little influence on the action
of the column. For the axially loaded columns A2a and C2a, made
with vertical bars having respective yield point stresses of 46,700 and
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63,200 p.s.i., if the concrete in the two were identical, column C2a
would be expected to be about 8 per cent the stronger. Actually,
column C2a had slightly weaker concrete, as indicated by the cylinder
tests, and adjustment for this factor is just enough to make the com-
puted strengths of the two columns identical.
When 1-in. eccentricity was used, the columns with the rail steel
verticals were 22 per cent stronger than those with intermediate grade
verticals; in these two instances, the concrete was practically equal
in strength. Again, there is a margin of strength due to the rail steel
about 13 per cent greater than would be expected from the usual cal-
culated values. The best explanation of the superior test strengths
with the rail steel verticals lies in the characteristic of the stress-strain
curve for such steel. Intermediate grade steel has a well-defined yield
point, and deformation beyond the proportional limit may reach a
value of 0.015 to 0.02 before there is any increase in stress; whereas
for rail steel, the yield point is not well defined and the stress increases
rapidly with increase in strain. It has been noted before that with
strong steels, such as those of rail and hard grade, the vertical bars will
contribute somewhat more than their yield point strength to the ulti-
mate capacity of the column. This excess above yield point strength
is a small and rather indefinite margin of strength which may be
expected from the stronger grades of steel; it is not well enough
defined to be recognized in the usual formulas for column strength.
The comparison of strengths of columns with 4-in. eccentricity of
loading cannot be made, since the values of columns C2d are abnormal
on account of poor bearing at the ends. In the case of the 8-in. eccen-
tricity, the columns with rail steel verticals show a strength advantage
of about 22 per cent. This is fairly reasonable, since these columns
failed by tension, and the elastic limit of the rail steel was about 35
per cent greater than that for the intermediate grade steel.
It may be concluded that in the columns which failed by com-
pression the rail steel vertical bars developed roughly 10 per cent
more strength than might be expected from a calculation based upon
their elastic limit values; on the other hand, for those columns which
failed in tension, the advantage in column strength over intermediate
grade steel was about 10 per cent less than might be expected from a
simple comparison of the elastic limits of the two steels. In neither
case is the variation particularly significant in comparison with the
possible cumulative effect of variations in materials, dimensions, and
test observations.
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(h) Distribution of Stress Across Column Section
Navier's hypothesis that a plane section before bending remains
plane after bending is sometimes questioned when applied to combined
bending and flexure. The numerous strain readings taken in these tests
provide some evidence on the question. By a comparison of strain
readings at the same level on a column it can be seen whether a linear
variation of strains exists. Some deviation can, of course, be expected
due to inaccuracies in individual strain measurements and to errors
in exact location of gage lines. Figure 3 shows diagrammatically the
variation in stress in eight columns chosen at random. It is true that
the curves are all from columns with 8-in. eccentricities of loading, for
which bending stresses predominate; however, similar curves for
columns with smaller eccentricities are shown in Section 10.
As is evident from Fig. 3, though the strains vary in almost a linear
relation across the column section, the departures from a straight line
are not consistent, indicating accidental rather than systematic varia-
tions. The diagrams may be considered as a rough verification of the
hypothesis, which is as much as these measurements should be expected
to show.
10. Tests of Series 16b.-
(a) Outline of Tests
This series of tests of 24 eccentrically loaded columns 12 in. in
diameter and 5 and 10 ft. long was made concurrently with another
group, Series 16a, from which the data were obtained for correspond-
ingly loaded axial columns, tested with flat ends. The procedure used
in the tests was similar to that described for Series 36, though the
strain measurements in Series 16b were more elaborate. In these
tests the eccentric load was applied by means of rocker-bearing shoes,
in which a rotation was permitted in one plane by a line bearing
between a 2-in. steel pin and a plane bearing plate, as shown in Fig. 4.
The eccentricities of loading employed were 1 in. and 11 in. and re-
quired no special detail at the ends of the columns.
The spiral reinforcing for this series was on the average only about
% in. beneath the surface of the columns. This arrangement facili-
tated strain measurements and eliminated any effect of protective shell.
There were eight longitudinal bars in each column, equally spaced
inside the spirals.
All columns were tested with the reinforcing bars in the same posi-
tion relative to the bending axis.
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FIG. 4. COLUMN AND BEARING SHOE, SERIES 16b
(b) Results of Tests
With the small eccentricities of loading used, compression failures
occurred in all tests of this series. Before failure, there was progres-
sive crushing and spalling on the concave side of the column, and
flaking of the mill scale on the surface of the reinforcing bars. At high
loads, tension cracks appeared on the convex side of the column, and
in most cases this cracking became quite general before failure. At
failure there was evidence of some slipping of longitudinal bars near
the column ends on the tension side.
The largest eccentricity, 1% in., is the amount required theoretically
for a plain column of 12-in. diameter to produce a zero stress at one
side and twice the average compressive strength at the other side. The
presence of the longitudinal reinforcement does not change the con-
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TABLE 7
RESULTS OF TESTS OF ECCENTRICALLY LOADED COLUMNS, SERIES 16b
Columns 5 or 10 ft. long, 12-in. core diam. Concrete strengths from two 8-in. by 16-in. cylinders for
each column. Age at test, about 63 days. Yield point stress of Y5 -in. bars, 38,100 p.s.i.; of 1-in. bars,
42,400 p.s.i. Useful limit stress of spirals--M-in., 47,500 p.s.i.; of h-in., 43,800 p.s.i. Values in table
for columns with zero eccentricity are from Series 16a (Table 14); those for columns 87, 89, and 91
are estimated values.
Col-
umn
No.
86-0
4
5
6
87-0
1
2
3
88-0
4
5
6
89-0
4
5
6
90-0
4
5
6
91-0
1
2
3
92-0
4
5
6
93-0
4
5
6
Eccen-
tricity
e,
in.
0
1.5
1.0
1.0
0
1.5
1.0
1.0
0
1.5
1.0
1.0
0
1.5
1.0
1.0
0
1.5
1.0
1.0
0
1.5
1.0
1.0
0
1.5
1.0
1.0
0
1.5
1.0
1.0
ec/k2
0
0.810
0.580
0.580
0
0.883
0.589
0.589
0
0.815
0.543
0.543
0
0.832
0.555
0.555
0
0.870
0.580
0.580
0
0.883
0.589
0.589
0
0.815
0.543
0.543
0
0.832
0.555
0.555
Reinforcement
Per Cent of
Core
Vert.
2.1
2.1
2.1
2.1
2.1
2.1
2.1
2.1
5.4
5.4
5.4
5.4
5.3
5.3
5.2
5.3
2.2
2.2
2.1
2.2
2.1
2.1
2.1
2.1
5.5
5.4
5.5
5.5
5.3
5.3
5.3
5.3
Spiral
1.1
1.1
1.1
1.1
2.3
2.4
2.3
2.3
1.1
1.1
1.1
1.1
2.3
2.3
2.3
2.3
1.1
1.1
1.1
1.1
2.3
2.2
2.4
2.3
1.1
1.1
1.1
1.1
2.4
2.4
2.4
2.3
Concrete
Strength,
p.s.i.
1400
1310
1455
2105
1725
1700
1755
1550
1830
1780
1535
1710
1195
2035
1305
1890
2445
1790
2150
1345
1745
1520
1780
1950
1830
1520
1680
1700
2240
1490
Maximum Load
Total,
lb.
440 500
235 200
317 800
321 000
277 200
391 100
330 400
607 300
376 900
416 000
378 200
374 700
470 000
410 400
403 500
221 900
260 200
257 200
214 700
284 500
251 400
524 100
316 600
328 700
331 500
591 900
333 700
354 500
360 800
Unit,
p.s.i.
3795
2035
2765
2755
4300
2350
3240
2760
5250
3240
3570
3265
5750
3135
3920
3475
3515
1990
2270
2245
3800
1805
2385
2115
4615
2715
2885
2900
4980
2775
2970
3010
(1) Test
0.54
0.70
0.55
0.70
0.62
0.65
0.55
0.64
0.57
0.64
0.48
0.59
0.59
0.63
0.56
0.60
(2) Calc.
.535
.633
.531
.629
.551
.648
.546
.643
.535
.633
.531
.629
.551
.648
.546
.643
dition greatly. Theoretically it changes the relative compressive
stresses on the two faces of the column from 2 and 0 to about 1.85 and
0.15 times the average compression. The measured strains show general
agreement with these theoretical values at the lower loads, but when
the stresses became large enough to produce yielding of the concrete
and vertical steel and to bring the spiral reinforcement into play, the
large plastic strains on the compression side of the column apparently
caused tensile strains to develop in the opposite side. This action may
be explained as a shift in the center of resistance of the column, due
to the loss of stiffness of the area under maximum compressive stress.
Ratio, Pece
P..ial
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Some of the principal numerical results of the tests are given in
Table 7. The table shows that in each group of three companion
columns, one was tested with a 11 -in. eccentricity and the other two
with a 1-in. eccentricity.
The table lists values of the strength of axially loaded columns
from Series 16a, made concurrently with the present series. In two
cases, columns corresponding in design to the eccentrically loaded
columns were not made; for these cases, values of the strength have
been estimated. In two other cases, it was impossible to determine
the strengths of columns 88 and 89 under the axial load because they
exceeded the capacity of the 600,000-lb. testing machine; again the
probable strength was estimated by reference to the other tests of
the series. These strength values for the axially loaded columns have
been used to compute the ratio of the maximum load under eccentric
load to that under axial load, as indicated by the column heading,
Pece
---. There is not much range in the value of this ratio, since only
Paxial
two eccentricities were used; but the table furnishes a comparison
1
between the ratio and the computed values of the quantity
which was explained in Section 7. 1 ec/k 2
The test values for the relative strength of the eccentrically loaded
columns are found to be about 3 per cent greater than the theoretical
ones for the 11 -in. eccentricities of loading and 1 per cent greater for
the 1-in. eccentricity. Considering the uncertainties involved in the
estimate of the strength of some of the axially loaded columns, this
comparison seems reasonable for columns of this type, with spiral re-
inforcement and without protective shells.
(c) Load-Strain Relations
The load-strain curves for this group of columns provide a very
clear picture of the behavior of such columns under eccentric load. As
an example, such curves for Column 93-4 are reproduced in Fig. 5.
This column was 10 ft. long, had 2.3 per cent of spiral and 5.3 per cent
of longitudinal reinforcement, and was given a load eccentricity of
112 in. The diagram shows strains measured in the lateral and longi-
tudinal directions, on gage lines on both steel and concrete. Each curve
represents the average of strains measured at the top, middle, and
bottom gage lines on the column; the curves also represent, in the case
of the vertical bars, the average of strains in the two bars at each of
Sections A, B, C, and D, as indicated in the figure. The position of
the load is also indicated.
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FIG. 5. TYPICAL LOAD-STRAIN CURVES, SERIES 16b
In Fig. 5 the most significant information is obtained from the
curves for longitudinal strain. The curves representing strain in con-
crete and in the vertical bars are very similar; they are naturally
largest on the face of the column nearest the load. It is evident that
the load-strain relation was nearly linear up to about three-fourths
of the maximum load, whereupon the yield point of the vertical bars
was reached and a rapid increase in compressive strain began. The
maximum strains of 0.0067 and 0.0055 shown for Section D are not
particularly important, since they represent a plastic stage of action
in both the core concrete and the reinforcing bars and since they may
have been measured after the column failed to take added load-i.e.,
somewhat past the instant that maximum load was reached.
The longitudinal strains decrease regularly from Section D to Sec-
tion A, where the value was very nearly zero until general yielding
of the column began. At this stage, tension strains developed rapidly
at Section A, reaching a value of about 0.0008 in the steel, and con-
siderably more, probably due to the formation of tension cracks, in the
concrete. These tensile strains, however, are only incidental phenomena
of the final collapse of the column, since the initial failure was clearly
due to compression on the inner or loaded face.
The curves for lateral deformation are of interest, since they show
practically zero strain until the plastic stage of yielding of the con-
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crete core and vertical bars was reached. Even then, it is apparent,
the concrete bulged and produced appreciable stress in the spiral only
on the highly compressed side of the column. The measured strain in
the spiral steel at the maximum load did not exceed 0.001, though in
many of the other columns it reached several times this value.
The load-strain curves for column 93-4 are fairly representative for
the entire Series 16b, the main difference between the various columns
being that some developed slightly larger deformations and additional
load after the plastic stage of initial failure had been reached.
The transition of the longitudinal strain on Section A from com-
pression to tension as the maximum load was approached, though not
of particular importance, was noted in every column of the series.
Figure 5 also shows a load-deflection curve for column 93-4. This
typical curve throws further light on the manner of failure of the whole
group of columns. For example, in column 93-4, up to 90 per cent of
the maximum load the deflection had increased gradually to a value
of about 14 in., but as large deformations developed beyond this load,
the deflection also accelerated rapidly to a value of almost 1 in. at the
maximum load. Since this deflection increased the load eccentricity at
midspan from the original 11Y in. to 2% in., it is apparent that it really
precipitated the collapse of the column. There is no record of breakage
of the spiral wire in these tests; but even with axial loading, a column
may often reach its maximum load without breakage of spiral wire.
In eccentrically loaded columns, in which the spiral is highly
stressed on only one side of the column, it evidently cannot be ex-
tremely effective in affording lateral restraint to the adjacent concrete.
The strain measurements on the spirals in these tests furnish
further indications as to the effectiveness of the spirals at failure.
Figure 6 shows diagrammatically the variation at increasing loads in
spiral strains around certain columns at mid-span. The ordinates
A, B, C, and D represent spiral gage lines across the longitudinal bars
at four vertical sections across the columns. The abscissas represent
values of measured strain, and the numerical values on the several
curves are the loads at which the strains were measured.
Figure 6 provides a comparison of spiral strains in columns which
were practically identical except in length. Although the applied loads
differed considerably, it is seen that the spiral strains were decidedly
larger in the shorter columns. It must be remembered, however, that
strains greater than 0.0015 are past the proportional limit of the steel
and that here the steel was yielding rapidly with very little increase
in stress. In only four cases, however, did the measured strains reach
or exceed 0.005.
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The principal value of Fig. 6 is to demonstrate how spiral stresses
vary across a column under eccentric load. In some cases a fairly high
bond stress is required to develop the rapid changes in the spiral stress.
The increase, during the test, in actual eccentricity due to the
deflection of the column was evidently greater in the 10-ft. columns
than in the 5-ft. ones, as shown by the following tabulation.
Maximum Measured Deflection of Column,
Column Length Average of All Tests
With 1 2-in. eccentricity With 1-in. eccentricity
5 ft......................... 0.53 in. 0.54 in.
10 ft ................... . 0.93 in. 0.75 in.
Such increases in the actual eccentricity of load during a test are not
taken into consideration in formulas of the type of Equation (4).
(d) Distribution of Stress Across Column Section
A study, similar to that of Section 9(h), of the way in which
longitudinal strains vary across the sections of the various columns
has been made from the load-strain data of these tests. Figure 7, for
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example, shows diagrams in which ordinates represent the measured
strains at several stages of loading, and abscissas the relative posi-
tions of four vertical sections of the column at which the strains were
measured on reinforcing bars at mid-height of column.
Figure 7 adds to the evidence that was presented in Fig. 3 to show
that the strain variation across the section of an eccentrically loaded
column is linear, or nearly so. Considering that the members under
study are composite columns and that the yield point of the steel is
reached at strains of 0.0013 to 0.0014, the linear variations at strains
up to 0.005 are significant. Though it is evident that there are some
departures from straight lines among the test results, particularly in
the inelastic range, the diagrams of Fig. 7 are fairly typical for this
series of tests.
Figure 7 illustrates another point mentioned before - that until
loads were reached which exceeded the elastic limit at Section D, the
strains at Section A were compressive and very small, for both 1-in.
and 1%-in. eccentricities. At the highest load, with inelastic strains
on Sections C and D, tensile strains were developed at Section A.
11. Tests of Series 25b.
(a) General Outline
This series of 22 columns was made concurrently with Series 25a
(see Section 21). Eight of the columns were tied and fourteen were
spirally reinforced. The columns were nominally 8 in. in diameter and
80 in. long. One grade of concrete, of proportions 1:2.5:3.2 by weight,
was used. The average compressive strength of control cylinders was
1850 p.s.i. The vertical reinforcement consisted in all cases of eight
%-in. round bars, which provided a steel percentage of 4.9. The spiral
reinforcement was of two sizes, having diameters of 0.25 and 0.19 in.,
which gave corresponding spiral percentages of 1.9 and 1.1. The spirals
were of 8-in. outside diameter and 11 -in. pitch. The average diameter
of tied columns was 7.95 in.; that of spiral columns, 8.35 in., so that
the concrete shell in the latter was negligible. The columns were stored
under moist burlap for 28 days before they were tested.
These columns were tested in a Riehle screw power testing
machine of 600,000-lb. capacity, by essentially the same procedure as
used for Series 16b (see Section 10). The axially loaded columns were
tested with "flat ends." Rocker-bearing shoes were used to provide
eccentricities of 1, 2, and 4 in. The columns loaded with a 4-in.
eccentricity were built with special brackets or enlargements at the
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FIG. 8. COLUMNS TESTED WITH 4-IN. ECCENTRICITY, SERIES 25b
ends to permit sufficient bearing area for the application of the load.
Figure 8 shows views of three columns, tested with a 4-in. eccentricity.
The figure shows the rocker-bearing blocks used and also the mirror
and wire arrangement for measuring lateral deflection of the column
at mid-height. Strain measurements were taken near top, middle, and
bottom, on four sides of each column.
(b) Discussion of Test Results
The principal results of the tests of Series 25b are presented in
Table 8. The table also furnishes values of the theoretical relative
strengths of eccentrically loaded columns for comparison with the
test values.
Table 8 indicates that the strength of an eccentrically loaded tied
column, as compared to that of an axially loaded identical column, is
considerably greater than would be indicated by the usual calculation,
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TABLE 8
RESULTS OF TESTS OF ECCENTRICALLY LOADED COLUMNS, SERIES 25b
Two columns of a kind, 8-in. core diam., 80 in. long. Av. concrete strength, 1850 p.s.i. Yield
point of vertical steel, 36,700 p.s.i. Useful limit of spiral steel, 65,000 p.s.i. for ia6-in. spiral, 44,000
p.s.i. for 4 -in. spiral. Shell outside spiral negligible. Vert. reinforcement, 4.9 per cent in all columns.
TIED COLUMNS -7.95 in. Av. Diam.
01-2 0 0
04-6 1 0.82
05-7 2 1.65
08-9 4 3.30
I lo l I ~- n I nco I ,,-,- I nn I
2025 132 150 2660 0.750 0.548
1625 92 250 1855 0.523 0.377
1730 51 150 1030 0.290 0.232
Av.
SPIRAL COLUMNS- 8.35 in. Av. Diam., 8.00 in. Core Diam.
11-12 0 0 1.1 1980 250 700 4990 1.00 1.00
14-16 1 0.80 1.1 1680 153 300 3050 0.611 0.555 1.10
15-17 2 1.60 1.1 2035 123 450 2455 0.492 0.385 1.28
18-19 4 3.20 1.1 1850 63 150 1255 0.252 0.238 1.06
21-22 0 0 1.9 1830 254 350 5060 1.00 1.00
25-26 1 0.81 1.9 1790 164 600 3275 0.647 0.552 1.17
24-27 2 1.62 1.9 1920 109 900 2185 0.432 0.382 1.13
Av. 1.15
* From Equation (4), using value of n from tests, of 15.6.
using Equation (4). The ratio of the relative actual strength to the
relative calculated strength is given in the last column of Table 8; the
average value for the three pairs of tied columns is 1.34. This high
ratio for the eccentrically loaded columns, furthermore, does not seem
to be due to any weakness of the axially loaded columns 01 and 02.
The average maximum load for these two columns, 176,200 lb., com-
pares very well with that given by the general relation for columns
(see Equation (1), Section 3); in fact, it is about 7 per cent greater.
The relatively high strength of the columns with 1- to 4-in. eccen-
tricities should not be due to greater concrete strengths than that of
columns 01 and 02; actually, the average for the three is slightly less
than for columns 01 and 02.
Passing on to the results for spirally reinforced columns in Table
8, it is interesting to find the test values again well above those
calculated by use of Equation (4). The axially loaded columns in this
group developed their maximum strength only after a large plastic
deformation had taken place in the column core; more than a quarter
of the column load was due to the action of the spiral hooping. It
seemed unlikely that an increased unit stress should be developed
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when combined axial compression and flexure were applied to such
columns. However, the ratio of actual to calculated relative strength
is greater than unity in every case; the average value is 1.13 for the
1-in. eccentricity, 1.20 for the 2-in. eccentricity, and 1.06 for the 4-in.
eccentricity - an average for the group of 1.13.
It is of interest to check the strength of the axially loaded spiral
columns against Equation (2), Section 3. For columns 11 and 12 the
average strength is 3 per cent higher than the computed value from
Equation (2); that for columns 21 and 22 is 2 per cent higher. Assum-
ing that this slight excess in strength is chargeable to the effect of the
spiral reinforcement alone, this indicates a spiral effectiveness of 2.18
instead of the value of 2.0 used in Equation (2).
Calculation shows that 1.1 per cent of spiral having a useful limit
stress of 65,000 p.s.i. produced nearly as much column strength as 1.9
per cent of spiral with a useful limit of 44,000 p.s.i. It was not the
intention, when the tests were planned, to use spirals of such widely
different qualities, but the results illustrate the effectiveness of spiral
steel of high strength.
(c) Tensile and Compressive Strains in Columns
An idea of the variation in longitudinal strains in columns under
various eccentricities of loading may be obtained from Fig. 9, which
shows typical load-strain curves for two extreme fibers at mid-height
of column. Curves are given for columns with 0, 1.1 and 1.9 per cent
of spiral reinforcement and eccentricities of 0, 1, 2, and 4 inches. The
strains shown were measured on vertical bars on the east and west
sides of the column and the eccentric loads were applied 1, 2, or 4 in.
west of the axis of the column.
The strain curves shown for zero eccentricity are typical for axially
loaded columns, though not complete in the neighborhood of -the
maximum load.
With 1-in. eccentricity, a plain concrete cylinder of 8-in. diameter
should have twice the average stress at one face and zero stress at the
opposite face. With 4.9 per cent of reinforcement, the stress should, by
Equation (4), be about 1.8 times the average on the compression face
and 0.2 times the average on the tension face. The curves show a large
compressive strain and a relatively small tensile strain near the maxi-
mum load and thus agree reasonably well with theory.
Of the columns with a 2-in. eccentricity of loading, the tied column,
No. 05, apparently failed on the compression face without developing
the yield point stress of the steel in the tension face. In the spirally
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FIG. 9. TYPICAL LOAD-STRAIN CURVES FOR COLUMNS WITH VARYING
ECCENTRICITIES AND REINFORCEMENT, SERIES 25b
Eccenfr/c/fy
1e0
Co/mnCo/umn f/
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reinforced columns, Nos. 15 and 27, however, the spiral hooping de-
layed compressive failure until the tensile steel had reached the yield
point. It was evident in this group that tensile strains began with the
first loading of the column; although they did not exceed about one-
third of the value of the compressive strain until near the ultimate
load, they were in evidence throughout the tests. The compressive
strain in column 27 had reached a value of 0.005 before failure
occurred.
Curves are shown for one tied and one spirally reinforced column
under 4-in. eccentricity of load. In both these columns the tensile
strains throughout the test were roughly two-thirds of the compres-
sive strains. In the tied column, No. 08, the compressive strain reached
about 0.004 and the tensile strain about 0.0025 before the column
failed. Conditions in column 19, with 1.1 per cent of spiral, were
similar at failure to those in No. 08. The high strains in the column
with spiral reinforcement are to be expected; but the high values for
the tied columns are remarkable, since the reinforcement in both
tension and compression was strained far beyond the initial yield point
value. The strain of 0.004 is very large for concrete, even in flexural
compression.
12. Other Tests of Columns Under Eccentric Loads.-Tests on ec-
centrically loaded columns at other laboratories have been confined
mainly to three groups: those reported by von Thullie(7) in 1909; those
by Bach and Graf (8" in 1912-13; and those by Thomas ("' in 1938. It
seems desirable to summarize the results of these tests here, and, in-
sofar as the data reported will permit, to make comparisons with the
results of the foregoing Illinois tests. While critical comparisons of
results from widely separated laboratories using different materials
and techniques are difficult, the object here is to bring out the out-
standing points of agreement or divergence in result.
(a) Tests by von Thullie
These tests, conducted at the Technische Hochschule at Lemberg,
were made on a large number of miniature reinforced mortar columns.
Altogether about 480 columns were tested. The test columns were about
8 cm. (3.15 in.) square and either 1.0 or 1.5 meters (39.4 or 59.0 in.)
in length. The ends were enlarged, with capitals 16 cm. square. The
vertical reinforcement, in the form of bars from 0.16 to 0.28 in. in
diameter, was used with ordinary ties or with continuous ties wound
spiral-fashion around the square core, and was placed at the corners
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TABLE 9
RESULTS OF TESTS OF ECCENTRICALLY LOADED COLUMNS
By M. von Thullie, Lemberg, 1909
Two to seven companion columns, 8 cm. square, 1.0 and 1.5 m. long. Reinforcement, 4 to 8
vertical bars, 4 to 7 mm. in diam. Ties, 2 mm. in diam., spacing varied. Ultimate strength of 5-mm.
bars, 64,000 p.s.i., no other steel strengths reported. Mortar cube strength, about 3,000 p.s.i.
No. of
Series Columns
No. in
Series
lab 60
Eccen-
tricity Per Cent
e, ec/k 2  Vert.
Reinf.
cm. iI-
0 0
0.5 0.34
Ic 16 0 0
0.5 0.34
2.0 1.38
Iab 64 i 0 0
0.5 0.35
2.0 1.41
Ilab 64 0 0
0.5 0.35
2.0 1.40
IVab 64 0 0
0.5 0.36
2.0 1.43
Vab 64 0 0
0.5 0.35
2.0 1.41
4.0 2.82
VI 62 0 0
0.5 0.35
2.0 1.41
3.0 2.12
X* 24 0 0
0.5 0.37
2.0 1.50
Max. Col.
Load P/A,
kg. per
sq. cm.
Test
Values,
Pecc
Pxi.1
1.23 221 1.0
207 0.94
0.98 228 1.0
186 0.82
101 0.44
1.96 225 1.0
196 0.87
112 0.50
2.45 224 1.00
1.58] 221 0.98
126 0.56
1.58 259 1.0
207 0.80
118 0.46
1.96 235 1.0
202 0.86
143 0.61
95 0.40
1.99 131 1.0
104 0.79
72 0.55
58 0.44
0 177 1.0
169 0.96
88 0.50
* Series VII, VIII, and IX omitted because they included no axially loaded columns for comparison.
and sides of a 2.4-in. square. The mixture used was essentially a
mortar, having a cube strength of about 3000 p.s.i. The columns had
slenderness ratios, l/d, of either 12.5 or 18.75. Because of the small
size of these columns, their slenderness, the large relative effect of small
errors in dimensions, and the kind of mortar used, there may be some
question of their being representative of full-sized members. No
measurements of strains or deflections were recorded.
It was impracticable to reproduce individual records of this large
group of tests. However, most of the test results had been condensed
by von Thullie into a tabular summary which is used as the basis of
Table 9. In this table, Series X represents unreinforced columns; the
others have vertical bars and ties. Series VII, VIII, and IX have been
omitted because they did not include tests of axially loaded columns
for comparison.
Cale.
Values,
1
1 + ec
k2_
1.0
0.75
1.0
0.75
0.42
1.0
0.74
0.42
1.0
0.74
0.42
1.0
0.74
0.41
1.0
0.74
0.42
0.26
1.0
0.74
0.42
0.32
1.0
0.73
0.40
Ratio,
Test
Cale.
1.25
1.09
1.05
1.18
1.19
1.32
1.33
1.08
1.12
1.16
1.45
1.54
1.07
1.31
1.37
1.31
1 25
_ _ _ _ _ _
------------
.·L
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Table 9 is based on average results for columns of two different
lengths and with two tie spacings in each series. The whole object of
the tabulation is to study relative values rather than absolute values
of column strength. The average values of relative test strength are
plotted against the eccentricity factor, ec/k 2, in Section 13.
(b) Tests by Bach and Graf
The test columns employed in this investigation at the Technische
Hochschule, Stuttgart, were reasonably large-about 16 in. square
and about 8 ft. long. Excellent workmanship appears in the details
of their fabrication, and the testing technique used was apparently
extremely careful and thorough. The columns tested with eccentric
loads had brackets or enlargements at the ends to provide the needed
bearing area. All features of the tests were reported in elaborate detail.
The principal data on column strength from the tests are presented
in Table 10.
TABLE 10
RESULTS OF TESTS OF ECCENTRICALLY LOADED COLUMNS
by Bach and Graf, Stuttgart, 1912-13
Two or three columns of a kind, 40 cm. square, 2.5 m. long. Reinforcement, 4 vertical bars in
tension and compression faces, except as noted. Ties, 5 mm. round at 7-cm. spacing, wrapped spiral
fashion; 2 single strand stirrups, 7 mm. round at 7-cm. spacing. Concrete cube strength, 3200 p.s.i.
with max. variation + 10 per cent. Average yield point of verticals: compression, 53,000 p.s.i.; tension,
53,100 p.si.
PerCen Eccen-P..r Ce't Nuo. f trinit .. .
Vertical
Reinf.
None
0.51
(in ten-
sion face
only)
1.02
1.91
Tests
3
4
4
3
3
3
3
3
3
2
3
2
2
3
2
3
2
3
. ec/lkc
cm.
0 0
10 1.50
15 2.25
20 3.00
0 0
20 2.99
30 4.49
50 7.48
0 0
10 1.32
20 2.65
30 3.98
50 6.63
S Ratio, Pere
Maximum Ratioatio
Load, Paxi anner(1) of
S(1) Failure
kg. \ (1) Test (2) Cale.* (2)
276 167
136 000
81 833
23 967
280 333
93 000
60 333
29 967
338 333
202 500
124 000
69 600
32 350
1.00 1.00 . Comp.
0.492 0.40 1.23 C+T
0.297 0.307 0.97 C+T
0.087 0.25 0.35 Tens.
1.00 1.00 . Comp.
0.333 0.251 1.32 Comp.
0.216 0.182 1.18 C+T
0.107 0.118t 0.91 Tens.
1.00 1.00 . .... Comp.
0.597 0.430 1.38 Comp.
0.366 0.274 1.33 C+T
0.205 0.201t 1.03 T + C
0.095 0.131t 0.73 Tens.
0 0 404 667 1.00 1.00 .... Comp.
10 1.21 225 000 0.556 0.453 1.23 Comp.
20 2.42 157 500 0.390 0.293 1.33 Comp.
30 3.63 105 000 0.260 0.215 1.21 C+T
50 6.06 53 500 0.133 0.142t 0.94 Tens.
* Computed by means of Equation (4), using n= 15. k for uncracked section for 1.02 per cent
vert. =12.27 cm.; for 1.91 per cent vert.= 12.82 cm.; for 0.51 per cent tens. steel= 11.92 cm.
t These values are not significant, since columns failed by yielding of tensile steel.
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The fifth column of Table 10, giving relative computed values of
column strengths with varying eccentricities, is based on the applica-
tion of Equation (4). Though it is evident that the larger eccentricities
used produced failure on the tension side of the column, and would
logically require analysis on the basis of a "cracked section," it is of
interest to compare the results with those based on the much simpler
theory of the "uncracked section."
Table 10 shows that for all these reinforced columns, except those
that failed by tension, the ratio of actual to computed strength varied
from 1.18 to 1.38, with an average value of 1.28. The ratio has but
limited significance for the columns failing by tension, since the load
carried in these cases depended on the tension reinforcement, whereas
Equation (4) is intended only to indicate the relative strength of
columns in which a compression failure occurs. However, it is evident
that the resistance to compression failure was greater than the value
indicated by the ratio shown for these cases.
Values of ratios of test strength under eccentric and axial loadings
are plotted in Section 13 for comparison with the general relation of
Equation (4).
(c) Tests by Thomas
These tests were made at the Building Research Station, Garston,
Hertfordshire, England. The test pieces included 45 tied columns, 7 in.
square at mid-height and 3 ft. 8 in. long, and 10 spirally reinforced
columns, 4 ft. 9 in. long and of octagonal section enclosing a 6.37-in.
core. Both types of columns had carefully reinforced brackets at the
ends to permit eccentricities of loading of as much as 7 in. In these
tests, the eccentricity was kept constant during the test; other tests in
which a changing eccentricity was applied are not included in this
summary.
The tests are divided into four groups, as follows:
(a) Tied Columns
(i) with low strength concrete, unsymmetrical reinforcement
(ii) with medium strength concrete, symmetrical reinforce-
ment
(iii) with high strength concrete, symmetrical reinforcement.
(b) Spirally Reinforced Columns
(i) with medium strength concrete and symmetrical rein-
forcement inside spiral.
The columns were loaded through knife-edge bearings, with the
plane of the knife edges parallel to the compression face. Some of the
axially loaded columns were bedded against the loading plates, to
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TABLE 11
RESULTS OF TESTS OF ECCENTRICALLY LOADED COLUMNS
by F. G. Thomas, Garston, England, 1938
Tied columns, 7 in. square, 3 ft. 8 in. long. Spiral columns, 6.37-in. core diam., 4 ft. 9 in. long.
Vertical reinforcement, %-, V-, or V-in. bars; nominal yield point, 40,000 p.s.i.; spiral, e16 wire,
nominal yield point, 75,000 p.s.i. Nominal concrete strength-Series lai, 2000 p.s.i. at 7 days; Series
laii, 2850 p.s.i. at 14 days; Series Iaiii, 6250 p.s.i. at 7 days (rapid hardening); Series Ibi, 3000 p.s.i.
at 28 days.
Series
No.
of
Col-
umns
4
2
2
2
2
2
4
2
2
2
2
2
5
2
2
2
3
3
2
2
2
2
2
Eccen-
tricity
e,
in.
axial
0
1.0
2.5
5.0
axial
0
0.5
1.5
4.0
6.0
axial
0
0.5
1.5
3.0
4.0
6.0
axial
0.5
1.5
3.0
7.0
Per
Cent
Vert.
Reinf.,
PN
2.9
2.9
2.9
2.9
2.9
1.6
1.6
1.6
1.6
1.6
1.6
1.6
1.6
1.6
1.6
1.6
1.6
1.6
3.3*
3.3*
3.3*
3.3*
3.3*
Concrete
Cuoe
Strength,
p.s.i.
1915
2050
1965
2045
1975
2440
2845
2725
2625
2745
2555
5820
6670
-330
6135
5945
6105
5900
3310
3250
2810
3100
3015
Max. Column
Load, long tons
Cor-Actual rectedt
47.1
38.1
24.3
18.6
10.21W
50.95
50.85
38.65
29.50
13.50
8.26T
77.65
100.10
70.35
50.15
26.15
19.521
10.30¶
84.25
47.65
29.55
17.97
8.37¶
49.7
37.2
24.8
18.25
10.36
54.10
50.02
40.50
32.05
14.10
8.45
80.75
91.82
69.45
51.05
27.50
19.60
9.22
79.10
43.85
31.50
17.55
7.90
Test
Values
( Peoc )
(Pa.lil)
1.00:
0.545
0.401
0.228
Sl.oo:
0.788
0.624
0.274
0.165
1.001
0.783
0.576
0.310
0.222
0.104
1.00
0.555
0.399
0.222
0.100
Cale.
Values,
1+
k2
1.00
0.496
0.283
0.165
1.00
0.710
0.448
0.234
0.169
1.00
0.704
0.442
0.284
0.229
0.166
1.00
0.658
0.389
0.241
0.120
Ratio,
Test
Calc.
1.10
1.41
1.38
1.11
1.39
1.17
0.98
1.11
1.30
1.09
0.97
0.63
0.84
1.02
0.92
0.83
* 3.3 per cent on gross area or 4.3 per cent on core area; used with 2.1 per cent of spiral.
t Corrected to the uniform concrete strength for each series shown in table heading.
I Average of "axial" (tested with flat ends) and "e=0" (tested with knife edges).
¶ Manner of failure not recorded; probably at or near tensile yield point of steel. All others
failed by compression.
furnish a "flat-ended" condition. There apparently was no great dif-
ference in load between these and the columns loaded with zero ec-
centricity through the knife-edge bearings.
Longitudinal strains and deflections of the columns were measured.
Some of the principal results of the tests are given in Table 11. The
eccentricity, e, listed is the measured eccentricity from the plane of
loading to the geometrical center of the column. The strength of the
concrete listed is the strength of cubes-probably about 25 per cent
greater than that of corresponding 6- by 12-in. cylinders. Two values
of maximum column load are listed; the first is the actual load and
the second is the load as corrected by Thomas to correspond to the
nominal concrete strength shown for each respective series in the case
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of compression failure and to a steel stress of 40,000 p.s.i. in cases
of tension failure.
Table 11 shows the same tendency noted in the other tests previ-
ously discussed; i.e., the relative test strength of the eccentrically
loaded columns is generally greater than the relative strength calcu-
lated by use of Equation (4). The ratio of test to computed relative
strengths, omitting those cases in which failure was probably due to
yielding of the tension steel, varied from 1.09 to 1.41 for the tied
columns. For the spiral columns, Series Ibi, in which the protective
shell outside the spiral was negligible, the ratio dropped to values
of 0.84, 1.02, and 0.92 for the columns with 0.5, 1.5, and 3.0 in. of
eccentricity, respectively. The author made an analysis of the ele-
ments of strength of the axially loaded columns of this series. He
showed that the portion of the column load calculated as due to the
presence of the spirals was nearly 45 per cent of the total. This means
that in these axially loaded columns a large amount of plastic defor-
mation took place before the ultimate load was reached. The octagonal
section of the column was short, 2 ft. 8 in., as compared with a width
of 6.63 in. It could hardly be expected that eccentrically loaded col-
umns would develop as great a proportion of this rather unstable
axial strength as would be obtained in plain or tied columns.
Values of the ratios of relative test strength for these tests are
plotted in Fig. 10 of Section 13 for comparison with other test results.
13. Summary of Strength Relations from Foregoing Tests.-The
tests of Series 36, 16b, and 25b, together with the European tests
cited in Section 12, furnish data from more than 550 eccentrically
loaded columns. Although more than half this number are the tests
by von Thullie on very small columns, the group as a whole supplies
a useful and reliable fund of information.
The data of these tests have been plotted in Fig. 10, in a manner
similar to that used for Fig. 2. The ordinates are the relative loads car-
ried by eccentrically loaded columns, in terms of the axial loads
carried by identical columns; the abscissas are values of ec/k 2 .
Group A represents the data from tests of spiral columns with shells
of considerable thickness, group B is for columns without shells of
appreciable thickness, group C is for tied columns, and group D is
merely a replotting of the values for groups A and C.
The object of separating the test results in this way is obvious.
As previously noted, the very large plastic deformations required to
develop spiral effectiveness in the axially loaded columns of group B
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FIG. 10. RELATION BETWEEN RATIO OF ECCENTRIC TO AXIAL
COLUMN LOAD CAPACITY AND ec/k
2
probably cannot be produced so as to permit similar effectiveness of
the spiral in the eccentrically loaded columns. For group A, failure
generally occurred under axial load soon after the shell began to
spall; similarly for group C, failure occurred without the development
of large plastic deformations.
With each group of points, Equation (4) has been plotted as a
basis of reference. The values of group B lie fairly close to the curve,
and some fall below it. Groups A and C, on the other hand, exhibit a
considerable margin of strength above the values given by the curve.
Since the columns of group B are not representative of building
columns in actual practice, it seems reasonable that they may be dis-
regarded in any generalization that is made of the test results. Group
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D, therefore, may be considered as representative of the results of
those tests which have a practical application to design.
The data of group D show a sufficient (and consistent) margin of
strength above the curve of Equation (4) to warrant consideration of
this feature in design formulas that may be developed. Equation (4)
may be modified by replacing the term ec/k 2 by C ec/k 2, where the
quantity C has a value less than 1.0. In effect this is a recognition of
the resistance of concrete to flexural compression by discounting or
reducing that part of the column stress produced by flexure. The effect
of introducing the quantity C is shown by the dotted curves of Fig. 10,
for which values of C have been taken at 0.6 and 0.8. The extent to
which these curves agree with the data of Group D in Fig. 10 is evi-
dent. Further discussion of the value of C recommended for design is
given in Sections 17 and 18.
14. Conventional Analysis of Combined Axial and Bending
Stresses.-The conventional mathematical analysis of the stress distri-
bution in eccentrically loaded columns is generally divided into two
classes: Case I, for the "uncracked section," in which there is com-
pressive stress over the entire section, and Case II, for the "cracked
section," in which there is tension and perhaps cracking of the con-
crete over a part of the section. In Case II, it is generally assumed
that the concrete will withstand no tension whatever. In the study of
the column tests in this bulletin, emphasis has been placed on the
equations for Case I; being simpler than those for Case II, they have
been applied even to cases in which some cracking exists. Such appli-
cation, though giving results which err in the unsafe direction, may be
made if the error is not too great.
Most conventional analyses of stress distribution are based on the
assumption that concrete and steel are elastic materials, with a fixed
modular ratio, n, which also defines the ratio of stresses in steel and
concrete at points equidistant from the neutral axis. The analysis of
Case II usually requires the solution of a cubic equation to determine
the position of the neutral axis; the stresses in the steel and concrete
are then easily determined.
Equations for column stresses for both Case I and Case II have
been derived; they are given in the following section. Two general
types of columns are included, the rectangular and the circular. The
former includes both the column with ties and that with spiral rein-
forcement, the significant difference being the position of the vertical
bars. Solutions for some of these sections are given in textbooks, but
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the solutions for both square and circular columns with a protective
shell outside the reinforcement were derived by Olson.'0 ) In the
solutions for Case I, it will be noted, the equations for f, and f, repre-
sent merely an extension of the principles underlying Equation (4)
to the particular case treated.
15. Summary of Equations for Eccentrically Loaded Columns.-
(a) Notation
Though the equations of this section employ symbols that are in
common use, the notation is given here for completeness.
A, = gross area of column section.
A, = total cross-sectional area of column reinforcement.
F = a constant, depending upon the arrangement of the rein-
forcement.
N = the eccentrically applied load.
Q = a constant, depending upon n, p, k', and sometimes e/t.
fc = maximum compressive fiber stress in concrete.
fo = minimum compressive fiber stress in concrete.
fs = maximum compressive stress in reinforcement.
fo = minimum compressive stress, or maximum tensile stress in
reinforcement.
e = eccentricity of load with respect to center of column.
b = width of column section.
t = total depth of column section.
n = modular ratio for steel and concrete.
p = ratio of total area of reinforcement A, to gross area, Ag.
g = ratio of extreme spread of reinforcement to depth, t.
k' = distance from neutral axis to extreme fiber in compression,
divided by the depth, t.
- = a constant, depending upon k'.
S= a constant, depending upon k'.
(b) Case I: Compressive Stress Over Entire Section
Rectangular Columns. The following equations, which may best
be understood by reference to Fig. 11, represent an expansion of Equa-
tion (4), Section 3. In Equations (5) and (6) the upper part of the ±
sign applies to f, and f,, the lower part to fco and fo.
S N 1 e 6 NQ
SA L 
- . (5) 11)f A,- 1 + (n - 1)p t 1 + 3Fg2p(n - 1) A,
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FIG. 11. COLUMN SECTIONS AND STRESS DIAGRAM, CASE I
[fe + o g ( - f)]. (6)
fof 2
The greatest value of e/t to which Case I applies is (with fo = 0)
e 1 + 3F (n - 1) g2p
t 6 [1 + (n - 1) p]
Values of F in Equations (5) and (7) are as follows:
Fig. 11a, Bars placed equally at two faces of symmetrical column,
F = 1.0
Fig. 11b, Bars spaced equally on four sides of symmetrical column,
Number of Bars........... 8 12 16 or more
Value of F............... 0.75 0.70 0.68, approx.
Fig. llc, Even number of bars spaced equally in circle of diameter, gt,
F = 0.50.
Circular Columns. The following is again an expansion of Equa-
tion (4) (see Fig. lid):
fc_ N 1 e 8 NQS (n+ - - ,= 7. (5a)
f A, L 1 + (n - 1) p t 1 + 2g2p (n - 1) A,
f I *n
1 = [fe ±fco r q(fe -fco)1 .
fJ 2
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The greatest value of e/t to which Case I applies is (with fco = 0)
e 1+ 2 (n - 1) g2p
t 8 [1 + (n- 1)p] (7a)
(c) Case II: Tensile Stress Over Part of Section
Rectangular Columns. In deriving the following equations, the
usual assumption that concrete cannot resist tension is made. Also,
to avoid very awkward equations, the quantity n - 1 has been re-
placed by n. The resulting error is usually negligible. (See Fig. 12).
V-7b-I
iSri i~-- -T ·-
F .^ Fj _ -.. ^  . - i..._.._. „;
(c) As AS
1 b= - A,
FIG. 12. COLUMN SECTIONS AND STRESS DIAGRAM, CASE II
By geometry,
fso= nf[ 12-g 1 andf s n +gf , 1].ýo  nf 1 -and f = nf 2
2k' 12k'
By summation of horizontal forces, neglecting tension in concrete,
1 A, A,
-N + -fk'bt fo -f,- = 0.
2 2 2
By summation of moments of all forces about point 0,
- ng 2pF
- Ne +ft 2 4-'
I4k'
From these two equations,
e k' 2 (3 - 2k') + 3npg2F
t 6 [k'2 + np (2k' - 1)]
k' -
+ - (3 - 2k') =0.
12 j
Q
S[k' 2 (3 - 2k') + 3npg2F] (10)
12k'
N [ k 2  2k' ] NQ
A k'2 + np (2k' - 1) A,
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From Equation (10) values of k' may be found for varying values
of e/t, with p, n, g, and F held constant. With k' known, the corre-
sponding values of Q, f, and f, are found by means of Equations
(8) and (11).
Special Case Applying to Fig. 12a Only
For the case in which the steel areas near the tension and compres-
sion faces are unequal, let
p' = steel ratio at compression face,
p" = steel ratio at tension face.
By a procedure similar to the foregoing the following equations are
obtained.
fso = nfc 1 - and f, = nf~ 1 (12)
S1= (13)
2k' 2k')I
A, k 2 + np' (2k' - 1 + g) - np" (1 + g - 2k') A,
e k'2 (3 - 2k') + 3gn [p' (2k' - 1 + g) + p" (1 + g - 2k')] (14)
t 6k' 2 + 6n [p' (2k' - 1 + g) - p" (1 + g - 2k')]
Circular Columns. Here again the tensile resistance of the concrete
is neglected and the term (n-1) is replaced by n to simplify the
analysis. By geometry, from Fig. 13,
f o = nf[ l 1- g ] and f f = [nf 1 . (15)
2k' 2k'
From the summation of horizontal forces, and a summation of
momnents about the point 0, the following relations are found:
N 2k' ] NQ(1f 13.----- = -CST D(16)
A, Ly + np (2k' - 1) A,
ta /vI
n - A,
FIG. 13. COLUMN SECTIONS AND STRESS DIAGRAM, CASE III
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+ npg2
e 2 4
-- (17)
t 7 + np (2k' - 1)
wherein
(-16k' 3 +24k' 2 - 2k'-3) 1
3= -k'- k'2 +- arc cos (1 - 2k') (18)
6ir 47r
and
4k'2 -4k'+3 _ 2k'- 1
= --- k' -k' 2 + -- arc cos ( -2k'). (19)
1.5 r j
The application of these equations is somewhat indirect. It is ad-
visable to construct diagrams for p and y, based on values of k' be-
tween 0 and 1.0. Then, with known values of e/t, n, g, and p, the
value of k' can be found from Equation (17). Values of f, and f, are
then computed by substituting known values in Equations (15)
and (16).
16. Comparison of Calculated Stresses in Cracked and Uncracked
Sections.-To study the error involved in applying the equations for
the uncracked section, Case I, to a column in which the moment is
large enough to produce some tensile stress, the diagrams of Fig. 14
have been prepared by use of the equations in Section 15. While it
has been customary to present charts for Case I and Case II as
separate and distinct design procedures, in Fig. 14 the two cases have
been combined in a single chart, with the line for which fc = 0 indi-
cating the point at which Cases I and II meet. Moreover, the straight
lines representing the curves for Case I are produced as dotted lines.
While the analysis for the uneracked section does not apply correctly
for the dotted portion of these lines, their position permits a compari-
son with the curves for the cracked section, and indicates the degree
of error involved if the curves for the uneracked sections are used.
It is seen, for example, that the difference between the two sets of
curves is minimized where the steel percentage is made large, where
n is large, and where the steel is placed as near as possible to the
surface of the column. The difference is minimized by any design
feature which permits the steel to be used to high efficiency. Thus,
while very small percentages of steel are undesirable in any column
/.
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because of the effect of shrinkage and creep, in columns subject to
bending the use of liberal steel percentages is especially important.
With axial loading there is no particular effect of the position of the
bar reinforcement, but with eccentric loading, the steel should be con-
centrated in the region of high fiber stress.
In computing the equations of Case II in Section 15, it was im-
practicable to carry the term (n-1) throughout the analysis, and it
was replaced by n. This substitution has relatively little effect on the
results. In plotting Fig. 14, the same simplification was made for
Case I also, to avoid a break where the two sets of curves joined.
In the application of the foregoing so-called exact analysis there
exist two sources of possible error, which throw doubt on the usefulness
of the rather complicated equations for Case II. One source is the as-
sumption that concrete carries no tension whatever. This is not strictly
true, since for those instances under Case II in which the tensile strains
are less than the modulus of rupture of the concrete, no cracks will
form, and Case I will apply. The second and more important source of
possible error lies in the uncertainty as to the proper value of n, the
modular ratio. Many tests of members under axial or bending stress
show that under a load sustained for a period of a year or more, the
effective value of n may increase to three or indeed five times the
original elastic value. As a numerical example, consider a rectangular
tied column of Fig. 4, with n = 10 and a steel ratio of 0.01, or
np = 0.10. For an eccentricity of e = 0.4t, Q = 3.2. Now if n is in-
creased to 40 (np = 0.40), Q = 1.76. Since f, varies with Q, the value
of fc in the second case is 0.55 times its original value. In a similar
way the stress in the compression steel may increase to about 2.2 times
its original value. Although this effect of sustained loading will apply
only to dead load stresses, the magnitude of the change in stress dis-
tribution is enough to discourage any great refinement in analysis or
design. It is believed these two sources of large error or uncertainty
will justify, for eccentricities somewhat larger than are theoretically
covered by the equations of Case I, the use of the theory for the un-
cracked section. In most cases, since the concrete will develop a
considerable tensile strength, the error due to using Case I for
eccentricities up to one-half the column depth will not be of particular
consequence.
17. Allowable Design Stresses for Eccentrically Loaded Columns.
-It is evident that the compressive strength of the concrete governs
the failure of a column in which the eccentricity is not more than 0.4
to 0.5 of the depth of the section and that a tensile failure in the
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steel will result when high eccentricities are used. It seems possible
that the theory of Case I could properly be applied in most cases
where compression governs and that the equations for f, in Case II
can be applied where tension governs. Using the theory of Case I
can greatly simplify the design of the column.
The data of Fig. 10 indicate that for tied columns and spiral
columns with protective shells, there is generally a considerable margin
of column strength above that indicated by Equation (4). This is
explained by the stress distribution in the member. In axially loaded
columns, the concrete is able to develop about 85 per cent of the
strength of the 6-in. by 12-in. control cylinder, whereas in beams the
extreme fiber stress in compression, computed by the conventional
straight-line theory, will reach from 1.40 to 2.0 times the strength
of the control cylinder. The stress in an eccentrically loaded column
represents all possible stages of transition between uniform compres-
sion and flexural compression, but even a small eccentricity produces a
marked decrease in stress away from the extreme fiber and permits a
favorable redistribution of stress when the material at the extreme
fiber yields plastically.
In selecting an allowable compressive stress f, for design, it seems
logical to choose a varying value which will provide a transition be-
tween the allowable concrete stress, fa, in the axially loaded column
(with e = 0) and the allowable flexural stress in concrete, fb (with
e = c). Such an allowable stress is given by the following empirical
equation from the 1940 Joint Committee Report. (2 )
ec1 + ^
f, = fa , (20)
ec
1 + C 
_-
in which C = fa/fb.
This equation may be applied with reference to any existing code
by proper selection of the values of fa and fb. For example, in the 1940
Joint Committee Report,
For spiral columns
0.225f' 4- f.n.
1 -I- -n -- l) p
1 + (n - 1) p,
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For tied columns
fa = 0.8 of the value for spiral columns. (22)
For flexural members
fb = 0.45 f'. (23)
Figure 15 has been constructed to show how values of f, vary, be-
tween the limits of fa and fb, for various values of ec/k 2. In Section 19
the validity of the formula is checked by comparison with test results.
Obviously the quantity ec/k 2 can be replaced by the quantity
De/t, in which t is the over-all depth of member and D is a constant.
Values of D generally range from 4 to 6 for rectangular columns and
6 to 8 for circular columns.("1
18. Simplified Design Method, Using Theory for Uncracked Sec-
tion.-For the column with uncracked section under an eccentric
load, N, it has been shown that the maximum concrete fiber stress is
ec
N 1 +--
4=- k2  . (24)
c1 + (n-1)1+(n- 1) p,
ec
Va/ues of --
FIG. 15. PERMISSIBLE COMPRESSIVE STRESS fp FOR
VARIOUS VALUES OF fý AND ec/k 2
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Equating to this the value of the permissible stress, f,, from Equa-
tion (20), it is easily shown that the column under a load N applied
with an eccentricity e may be designed as an equivalent axially
loaded column carrying a load P, where
[ ec "CDe
P=N[1+ -- =N 1+C . (25)
Since C is a constant having a value less than 1.0, this formula may
be considered as a modification of Equation (4), in which the effect
of the bending stress, represented by the term ec/k 2 , is discounted
somewhat as a means of recognizing the greater resistance of concrete
to flexural compression than to uniformly distributed compression.
Equation (25) reduces the design or investigation of an eccen-
trically loaded column to a procedure easily accomplished by the use
of simple charts. Thus, the formula for eccentrically loaded columns,
1940 Joint Committee Report, for spiral columns with vertical bars
of intermediate grade is as follows:
N 0.225f,' + 16000p,
-= (26)
A, ec
1+C--
k2
For tied columns, with vertical bars of intermediate grade,
N 0.18f, + 12 8 0 0 p,,
-- (27)
A, ec
1+C--k2
Values of C and N/Ag are easily computed, as shown in Table 12,
from which design charts may be constructed to permit extrapolation.
This use of the uncracked section is strictly correct for values of
ec/k 2 varying in the different cases from about 1.0 to 1.5, and the
error due to its use with values of ec/k 2 up to 4 will not be serious;
hence, at least preliminary designs can be made by this procedure.
For large values of ec/k 2, the equations of Case II, Section 15, for
both cf and fs, may be used.
Some information may be secured from a study of Equation (8)
for tensile stress in the reinforcement. The equation is
f, = nf- 1 .2k'
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TABLE 12
VALUES OF C AND N/A, FOR DESIGN OF ECCENTRICALLY LOADED COLUMNS
Based on uncracked section,
N
-- = allowable unit load for eccentric loading
Ao
C f. allowable concrete stress, axial
0.45f' allowable concrete stress, in fl
allowable unit load for axial loading
colu+n
column
exure
0 .225//' + f 0.18c' + 0.8/.pfa = ,+ (n , for spiral columns = + 0.1 ' for tied columns.1+(» - 1)( 1n(n - 1) P
Allowable axial loads are according to 1940 Joint Committee Report.
This table applies to intermediate grade steel, for which f, = 16,000 p.s.i.
Values of C-Spiral Columns C-Tied Columns
p=0.01 0.02 0.03 0.04 0.06 0.08 0.01 0.02 0.03 0.04
2000 15 0.594 0.667 0.728 0.777 0.851 0.906 0.475 0.534 0.583 0.622
2500 12 0.578 0.642 0.697 0.743 0.814 0.870 0.462 0.514 0.557 0.594
3000 10 0.567 0.624 0.673 0.716 0.785 0.840 0.454 0.499 0.539 0.572
4000 7.5 0.553 0.600 0.642 0.678 0.743 0.797 0.442 0.480 0.514 0.542
5000 6 0.541 0.583 0.620 0.655 0.714 0.765 0.433 0.466 0.496 0.524
N/A,-p.s.i., Spiral Columns N/A,-p.s.i., Tied Columns
f' ec/k2
p=0.01 0.02 0.03 0.04 0.06 0.08 0.01 0.02 0.03 0.04
2000 0 610 770 930 1090 1410 1730 488 616 744 872
0.5 471 578 682 785 989 1191 394 486 576 665
1 383 462 538 613 762 909 331 402 470 538
2 279 330 379 427 522 616 250 298 344 389
4 181 210 238 265 320 375 168 197 224 250
2500 0 723 883 1043 1203 1523 1843 578 706 834 962
0.5 560 668 773 877 1082 1284 469 561 652 741
1 458 537 614 690 839 986 395 496 535 603
2 335 386 435 484 579 673 299 348 394 439
4 218 247 275 303 358 411 202 231 258 285
3000 0 835 995 1155 1315 1635 1955 668 796 924 1052
0.5 651 758 864 968 1174 1375 544 637 728 817
1 533 613 690 767 915 1060 459 531 601 669
2 392 443 492 541 636 727 350 398 445 490
4 256 285 313 341 395 447 237 265 293 320
4000 0 1060 1220 1380 1540 1860 2180 848 976 1104 1232
0.5 831 939 1045 1150 1356 1558 695 787 878 969
1 683 763 840 918 1067 1213 588 659 730 799
2 503 554 604 654 748 840 450 498 545 591
4 330 359 387 415 468 421 306 334 362 389
5000 0 1285 1445 1605 1765 2085 2405 1028 1156 1284 1412
0.5 1012 1119 1224 1330 1536 1739 844 937 1029 1120
1 834 913 990 1068 1217 1363 716 788 859 928
2 617 667 716 765 859 951 549 598 645 691
4 406 434 461 489 541 592 375 403 431 457
30000
If the conventional value of n = is used, and since the allow-
c'
able value of f, (f, in Equation [20]) is always less than 0.45 fe',
the value of nfc will not exceed 13,500 p.s.i. Then the value of f, will
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1+g
not exceed 20,000 p.s.i. unless k' is less than --- , or about 0.37
for a value of g equal to 0.85.
Charts giving values of f, f,, and k', based on the equations of
Section 15, are in the Reinforced Concrete Design Handbook, Dia-
grams 30-32. 11)
19. Factor of Safety.-An idea of the applicability of the simplified
design method of Section 18 may be obtained by using it to compute
allowable loads for some of the test columns of this bulletin. A com-
parison of these allowable loads with the actual maximum test loads
will show whether a satisfactory factor of safety is secured with col-
umns having varying amounts of eccentricity. Not all the test values
can be used for this purpose, however, since the design formulas of Sec-
tion 18 were not intended to apply to spirally reinforced concrete
columns without protective shells, such as those of Tables 7, 8, and 11.
The application of the design formulas to the European tests made by
Bach and Graf and by Thomas is difficult because the concrete quality
reported in these tests is expressed in terms of the strength of test
cubes. However, by assuming that the cylinder strength should be
about five-sixths of the cube strength, an approximate allowable load
for those test columns may be computed. In this study, the actual
strengths of the concrete and the vertical steel in each individual
column have been taken into account, rather than nominal values
which would normally be employed in design.
Using the data for spiral columns with shells from Table 6, and
for tied columns from Tables 6, 8, 10, and 11, values of the factor of
safety have been computed as the ratio of ultimate test load to the
allowable design load, as given by Equations (26) and (27) in Sec-
tion 18. These values are plotted as ordinates in Fig. 16 against values
of ec/k 2. In examining this diagram it should be kept in mind that a
constant value of F was not contemplated in the derivation of the
design equations. When ec/k 2 is zero, F represents the factor of safety
for axially loaded columns; based on nominal values for intermediate
grade steel and for percentages of vertical reinforcement ranging from
1 to 3 as used in these tests, these values of F should vary from 3.2
to 3.5 for spiral columns and 3.8 to 4.3 for tied columns. At the right
side of each diagram, with large values of ec/k 2, the allowable flexural
stress approaches 0.45 fc' as a limiting value. For a value of ec/k 2
of infinity, representing a condition of pure bending in the column,
the allowable value becomes 0.45 fe'. Since it has been shown that
BUL. 368. REINFORCED CONCRETE COLUMNS
Va/lue of
FIG. 16. FACTOR OF SAFETY OF TEST COLUMNS
WHICH FAILED IN COMPRESSION
the flexural compressive strength of concrete, computed by the use of
the straight-line theory and the conventional value of n, is at least
1.40 fe', and even greater for weak concretes ('; , it follows that the
factor of safety against compression failure will be at least 1.40/0.45
=3.1 for pure flexure.
With the above-named limits established rationally for values of
ec/k 2 of 0 and , the object of this study is to find whether the factor
of safety, F, remains within a reasonable range for intermediate values
of ec/k 2. Figure 16 indicates that it does so, though there is some
scatter in the plotted points. A part of this scatter is proper, since
Equations (26) and (27) are intended to produce a variation in factor
of safety, which depends upon the percentage of vertical steel; some
of it is undoubtedly due also to experimental variations in test
strengths and to assumptions made in the European tests regarding
the concrete strengths. As noted previously, the roller shoes used in
Series 36 gave relatively low values for axially loaded columns, as
compared to those of other tests of "flat-ended" columns, and this
difference probably accounts for the fact that the values of F for the
spiral columns are a little lower than would be expected from the
foregoing discussion. However, it appears that there was no unusual
trend in the values of F with varying eccentricity for either the tied
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or the spiral columns. This fact lends confidence in the use of the
simplified design method, based on the assumption of an "uncracked
section" for the columns tested. It is to be noted too that, generally,
the results of tests for which the value of ec/k 2 exceeded 4 to 5
showed evidence of failure of the column due to flexural tension in
the reinforcement rather than to compression. For this reason such
values have been omitted from Fig. 16, which applies only to the
factor of safety against failure by flexural compression.
The study may be summarized by the statement that for values of
ec/k 2 from 0 to 4, the factor of safety for spiral columns averaged
2.75 to 3.0, whereas for tied columns that factor ranged generally
from 2.75 to 4.5, with an average of about 3.5.
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IV. COLUMNS WITH VARYING SLENDERNESS RATIOS
20. Ordinary and Long Columns of Reinforced Concrete.-In the
accepted theory of structural engineering, a column is considered as
a compression member in which the strength is definitely reduced, due
to the introduction of bending stress, as the slenderness of the column
is increased. The slenderness is commonly expressed as the ratio, l/k,
of the effective length to the least radius of gyration of the column
section. For small ratios of l/k, such as 30 to 50 for steel columns,
it is often considered that the reduction in strength due to column
bending action is negligible and that the column may be treated as a
simple compression member, carrying a uniformly distributed com-
pressive stress. Similar reasoning is applied to the composite column
of reinforced concrete. Most of the columns used in building construc-
tion are considered as essentially short prisms, not subject to bending
or buckling action (unless subject to actual eccentricity of loading).
Equations (1) and (2) of Section 3 are intended to apply to such
columns, which under axial load are stressed to failure under uniform
compressive stress. These equations are based very largely on tests of
columns having a ratio of length to diameter of 5 to 10, and the
design equations of the Joint Committee Report and the ACI Build-
ing Regulations have accordingly been restricted to columns having
values of l/d not exceeding 10 (corresponding to 1/k values of 33 to 37).
It is to be recognized that while the slenderness ratio l/k is the
principal factor upon which the strength of a long column of any ma-
terial depends, there are other uncontrolled factors which also have
a considerable effect upon the strength. Such factors include variations
in the elastic strength and stiffness of the various components of a
built-up or composite column, minor variations in the column section,
accidental eccentricities of the applied load, and initial crookedness
or misalignment of the axis of the column. With all these possibilities,
it is evident that the conditions for a truly axially loaded column are
difficult to attain experimentally. Some design formulas for axially
loaded columns are based on the assumption of a small initial eccen-
tricity which includes the cumulative effect of the accidental variations
noted above. At any rate, such variations should produce a consider-
able scatter of column strengths from tests; and this is the case, as
seen, for example, in tests of steel columns.(12) Column formulas in
general may be considered as statistical averages of data in which a
marked scatter or dispersion is characteristic.
Because the accidental variations to be expected are frequently
equivalent in effect to a large variation in slenderness ratio, concrete
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column formulas may be expressed with sufficient accuracy in terms
of l/d, the length-diameter ratio, instead of 1/k. While the value of k
varies widely with the depth, d, of structural steel columns, k/d is
very nearly constant for concrete columns. For a circular plain column,
k is 0.25 d; with the addition of longitudinal bars it will vary generally
from 0.25 d to 0.28 d. Similarly, for a square section k will vary from
0.29 d to 0.32 d. Hence the use of a value of 1/d (generally equal to
0.27 1/k to 0.30 1/k) will not introduce appreciable error in a column
formula, and obviously will simplify the formula greatly for purposes
of design.
Concrete columns in which 1/d is greater than 10 are employed
occasionally in buildings, bridges, reservoirs, framed towers, and like
structures. Test information regarding such members is extremely
scarce. The two groups of tests described herein - together with
groups by Bach' 13' in Germany and by Thomas' ( " in England -and
a few other isolated tests are the only experimental studies known
to the authors.
21. Tests of Series 25a.-
(a) General Outline
This group of 56 columns of 8-in. nominal diameter employed four
ratios of l/d - 5, 10, 15, and 20. A tabular summary of the types of
columns tested is as follows.
Percentage of Reinforcement No. of
Vertical Spiral Companion Tests
0 0 2
2.4 0 2
2.4 1.1 2
2.4 1.9 2
4.9 0 2
4.9 1.1 2
4.9 1.9 2
The principal data of this group of tests are given in Table 13.
The properties of the materials used are given in Section 4. The
average diameter of all of the plain and tied columns was 7.94 in.,
that of the spiral columns was 8.24 in., and the out-to-out diameter
of the spiral units was 7.96 in. Thus the average thickness of the con-
crete outside the spirals was 0.14 in., and the columns may be con-
sidered as having no appreciable protective shells.
The reinforcement used consisted of eight vertical bars, of either
7/1- or %-in. diameter, and the spirals were of %,- or ¼-in. drawn
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TABLE 13
TESTS OF COLUMNS OF VARYING SLENDERNESS, SERIES 25a
Two companion columns, three 6- by 12-in. control cylinders per column. Average gross diameters
of plain and tied columns, 7.94 in.; core diameters of spiral columns, 7.96 in. Average shell thickness,
0.14 in. Reinforcement data in Table 2. E,=initial tangent modulus of elasticity, in millions of p.s.i.
for control cylinders. Sand-gravel concrete, 1:2.5:3.2, by weight. Average slump 7.9 in. Average com-
pressive strength, 1915 p.s.i. All tests at age of 28 days.
Col.
Nos.
5001-3
5201-2
5211-2
5221-2
5501-2
5511-2
5521-2
10001-3
10202-3
10211-2
10221-2
10501-2
10511-2
10521-2
15001-3
15201-2
15211-2
15221-2
15502-3
15511-2
15521-2
20001-2
20202-3
20211-2
20221-2
20501-2
20511-2
20521-2
Diam.,*
in.
7.91
7.92
7.91
7.99
7.96
7.97
7.97
7.94
7.95
7.97
7.93
7.96
7.86
7.91
7.97
7.96
8.06
7.97
7.97
7.97
7.96
7.93
7.94
7.99
7.93
7.94
7.97
7.94
Length
Diam.
Ratio
5
5
5
5
5
5
5
10
10
10
10
10
10
10
15
15
15
15
15
15
15
20
20
20
20
20
20
20
1/k
20.0
18.75
18.75
18.75
18.2
18.2
18.2
40.0
37.5
37.5
37.5
36.4
36.4
36.4
60.0
56.25
56.25
56.25
54.6
54.6
54.6
80.0
75.0
75.0
75.0
72.8
72.8
72
Per Cent
Reinforce-
ment
Vert. Spiral
Max. Load
thousands
of
pounds
79.5
119.4
!12.6
241.3
160.4
261.1
299.9
80.3
114.2
209.9
202.1
176.2
250.8
254.4
76.5
125.2
195.8
177.3
161.2
230.5
247.1
105.3
108.6
183.4
170.3
160.6
203.7
218.0
p.s.i.
1615
2430
4330
4815
3280
5255
6020
1625
2300
4200
4020
3540
5175
5180
1535
2515
3855
3560
3385
4620
4960
2140
2175
3665
3540
3250
4090
4400
Concrete Cyl.Corr.
Max.
Load,
p.s.i.
2000)
1655
2670
4320
4910
3660
5240
6040
1745
2530
4310
4275
3645
5190
5325
1675
2470
3865
3650
3695
4500
4870
1840
2275
3805
3595
3385
4055
4330
3.00
2.65
2.94
2.83
2.91
2.62
2.49
2.71
2.30
3.19
2.35
2.91
2.99
2.46
2.59
2.72
2.71
2.70
2.38
2.75
2.79
2.87
2.36
2.67
2.68
2.71
2.82
2. 76
* Gross value for plain and tied columns, core value for spirally reinforced columns.
wire, at 1¼-in. pitch. The circular ties used were made of No. 8 wire,
and were spaced about 8 in. apart.
Strains were measured near the top, middle, and bottom for the
columns with 1/d equal to 5 and 10; on the longer ones, strains were
also observed at the one-quarter points of the length. Deflections of
the columns were measured at all loads; and, in addition, readings of
initial deflection or crookedness. were measured at the beginning of
loading. While great care was taken with the steel forms to cast these
columns as straight as possible, the initial deflection at mid-height with
respect to the ends for the longest columns varied generally from 0.01
to 0.13 in., with one extreme value of 0.17 in. The effect of such
deflections was doubtless minimized by the fixity of the column ends.
Strength
p.s.i.
1950
1720
2015
1890
1620
2020
1975
1860
1730
1870
1700
1875
1980
1830
1835
2050
1990
1895
1635
2140
2105
2350
1880
1835
1935
1840
2040
72
--
u2080
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All the columns were tested with flat ends. With some of the longer
columns, it was noted in the tests that when large deflections occurred
the end of the column tilted, lifting one side away from the bearing
plate and producing an extremely high bearing pressure on the area
left in contact. While the spirally reinforced columns exhibited the
double reverse curvature corresponding to fixed-ended columns, it was
evident that full fixity was not always secured at the column ends.
(b) Manner of Failure of Columns
The type of failure observed in these tests apparently depended
mainly on two properties of the column, the l/d ratio, and the presence
or absence of spiral reinforcement.
Figure 17 shows the appearance of typical columns after test, and
illustrates the crushing and local buckling failures of tied columns
as contrasted with the failures by bending in the longer spiral columns.
The deflections shown in some of the pictures represent a stage of
loading well past that at which the maximum load was reached.
The plain columns of all lengths failed suddenly, with little deflec-
tion. The measured longitudinal strains at failure did not exceed
0.0015, though the longer columns, which had stored considerable
energy, failed so suddenly and violently that strain measurement near
the maximum load was hazardous and was sometimes omitted.
The tied columns likewise failed suddenly and with little deflec-
tion. Failure occurred by crushing of the concrete and local buckling of
the vertical bars over a small portion of the column length; the strains
at or near failure rarely exceeded a value of 0.002. The action was
similar for all lengths of column.
With the spirally reinforced columns, there was a greater variety of
behavior. While deflections were not measured on the 5-d columns, all
the longer ones developed rather large deflections, and all developed
large deformations. The 5-d columns deformed quite uniformly, and
as the spiral steel came into play, the surface of the column showed
general spalling. Failure usually occurred by breakage of a spiral
wire, and local crushing. The breakage of the spiral was evidently
due to the low ductility of the drawn wire and to the weakening of
the spiral by the No. 54 gage holes drilled in it.
The 10-d spiral columns showed definitely the effect of bending at
failure, both in the large deflections and in the tendency to localize
spalling at regions of flexural compression at top, middle, and bottom
of the column. The measured strains also indicate the presence of
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bending stress. The failures occurred in some cases by breaking of the
spiral wire and in others by rapid deflection of the column.
The 15-d and 20-d spiral columns failed by excessive deflection or
buckling, with the columns taking the reverse curvature typical for a
column wholly or partly fixed at the ends. In these cases the spiral
did not break at failure of the column. While high strains were meas-
ured, they were generally localized at sections of high bending stress
at the middle and ends of the column. As in all the spiral columns,
the longitudinal strains reached values of 0.004 to 0.007, and indeed
probably more, since they generally exceeded the range of the strain
gage used.
To furnish some quantitative notion of the difference in bending
between the columns with and without spirals, a study of the maximum
measured deflections has been made. These measurements are not very
reliable, since some were taken just below the maximum load and
others at the maximum load. The latter are indefinite, for the column
may have passed through a considerable range of deflection with the
load practically constant at its maximum value, as in the case of the
spiral columns. However, subject to this limitation, the deflections
for the 10-, 15-, and 20-d columns averaged as follows: for plain and
tied columns, 0.04 to 0.06 in.; for columns with 1.1 per cent spirals,
0.32 to 0.40 in.; and for those with 1.9 per cent spirals, 0.45 to 0.60 in.
(c) Relation of Column Strength to Length-Diameter Ratio
The data of Table 13 make it possible to plot curves relating the
strength of all columns to their ratio of length to diameter. This is done
for the seven groups, one of plain columns, two of tied columns, and
four having both spiral and vertical reinforcement. The curves are
shown in Fig. 18. The reinforcing used in each case is indicated by the
legend on the chart, and the values of P/A have been corrected to
eliminate the effect of variations in concrete strength.
It is evident that the plain columns show practically no effect of
slenderness; in fact, the value for 1/d = 20 is unduly high, rather than
low. Likewise, the curve representing the average of the two groups
of tied columns shows very little effect of slenderness upon the
strength. The decrease in strength is about 8 per cent between the 5-d
and the 20-d columns. Such a decrease might be expected in columns
of any material because of the increased probability of minor and
accidental variations in the longer columns.
The four groups of spirally reinforced columns show a marked and
consistent decrease in strength with increase in slenderness, and the
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FIG. 18. RELATION BETWEEN COLUMN CAPACITY AND l/d RATIO, SERIES 25a
rate of decrease is very nearly linear. The average curve representing
the spiral columns shows the strength of the 20-d columns to be about
75 per cent of that of the 5-d columns. This is in marked contrast with
the results from the plain and tied columns.
The large reduction in strength with increasing slenderness ratios
for these spirally reinforced columns, as contrasted to the reduction for
plain and tied columns, is consistent with the difference in deform-
ability of the three types. Whereas the plain and tied columns de-
veloped only very small deformations before failure, the spiral columns
developed relatively large deflections and plastic deformations after
the spiral reinforcement came into action.
(d) Analysis of Strength of 5-d and 10-d Columns
It seems worth while, since the information is available, to make a
brief comparison of the strengths of the short columns tested and the
general equations for column strength, Equations (1) and (2) of
Section 3. Since these equations were derived mainly from the results
of columns having a 1/d ratio of 7.5, the average results for the 5-d and
10-d columns of this group should afford a fair comparison. The cor-
rected values of average unit load from Table 13 are used in this study.
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The following tabulation gives the essential information.
Av. Test Loads, Av. Computed
Type of Column 5-d and 10-d cols., Load, By Eq. No.
p.s.i. p.s.i.
Plain.................... 1700 1700 1
Tied...................... 3125 3040 1
Spiral ..................... 4950 4640 2
Evidently the short plain columns developed the strength to be
expected, and the tied columns about 3 per cent and the spirally rein-
forced columns about 7 per cent more than the strength given by the
equation. The first two results may be considered a very close verifi-
cation of the equation; those for the spiral columns may be taken as
an indication that the effectiveness factor for the spiral reinforcement
was somewhat greater than 2.0 for these tests, the average value
apparently being about 2.4. Such effectiveness factors are frequently
observed in tests of columns with flat ends, but are extremely sensi-
tive to any conditions which tend to disturb the plastic equilibrium
existing in such columns near the maximum load, such as a slight
eccentricity or other condition which will induce a tendency toward a
bending or buckling failure.
It may be concluded from this brief analysis that the short columns
of this series gave results normally to be expected from such columns
and that they may therefore properly be used as a basis of comparison
with the more slender columns of the series.
22. Tests of Series 16a.-
(a) General Outline
This series of tests was actually the forerunner of Series 25a, and
was less complete and less conclusive than that series. The group con-
sisted of 42 columns, 12 in. in diameter and having 1/d ratios of 5, 10,
15, and 19.7. Except for short columns of plain concrete, it was com-
posed of columns having both spiral and vertical reinforcement. For
each slenderness ratio, three columns of a kind were tested. The
following combinations of reinforcement were employed.
Percentage of Reinforcement Av. Column Diam., in.
Vertical Spiral Core Gross
2.1 1.1 12.08 12.35
5.5 1.1 12.08 12.35
5.3 2.4 12.28 12.49
The reinforcement consisted of eight bars of either %-in. or 1-in.
diameter, and the spirals were of either 1/-in. or %-in. hot-rolled rod at
1.5-in. pitch. Bar ends were flush with the ends of the columns.
BUL. 368. REINFORCED CONCRETE COLUMNS
The columns were tested with "flat ends," as was done in the tests
of Series 25a. Longitudinal strains were measured in 10-in. gage lines
near the top, bottom, and middle of all columns; on the longer columns,
strains were also measured at the quarter-points of the height. Lateral
strains were measured on 4-in. gage lines across all longitudinal
gage lines.
(b) Manner of Failure
These columns failed in much the same way as those of Series 25a.
The plain columns, 5 and 10 ft. long, failed suddenly by crushing.
Of the spirally reinforced concrete columns, the 5-ft. columns failed
under apparently uniform stresses, sometimes by breaking of the
spiral, sometimes not. In all cases, there was general spalling of the
thin concrete shells; the longitudinal strains reached values of 0.025
in some cases, and the spiral strains approached values of 0.005. In
the case of the 10-ft. columns, similar conditions prevailed, but in
general there was considerable bending of the column at failure. In
the 15- and 19.7-ft. columns, bending failures were the rule, with aver-
age deflections of about 1.4 inches for the columns with 1 per cent of
spiral and about 1.9 inches for the columns with 2 per cent of spiral.
The appearance of these columns at failure is similar to that of the
spiral columns shown in Fig. 17; the longer columns exhibited the
reversal of curvature to be expected from flat-end columns which
fail by buckling.
The buckling failures are also shown by the measured longitudinal
and lateral strains, both of which indicate high values of bending
stress at the middle and ends of these columns.
(c) Principal Results of Tests
The principal test results from Series 16a are presented in Table 14.
The tabulated values should be self-explanatory, though it might be
noted that the column headed "Corrected Maximum Load" was ob-
tained by applying a correction to the maximum test load, to eliminate
the variation in concrete strengths and to give all columns the effect
of being made with an 1800-p.s.i. concrete.
(d) Analysis of Test Results
As in the previous section, a brief comparison of the results of the
tests of the 5- and 10-ft. columns may be made with Equations (1)
and (2) of Section 3. Although this series of tests contains no tied
columns, computed strengths of tied columns are shown in order to
facilitate the study. Corrected strengths from Table 14 have been
used in the following tabulation (page 78).
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Test Loads, 5- and Av. Computed
Type of Column 10-d Columns, Load,
p.s.i. p.s.i.
Plain................... 1450 1530
Tied, 2% vert .............. . 2320
Tied, 5% vert ................ 3720
Spiral, 2% vert........... 3780 3365
1% sp ............ ......
Spiral, 5 % vert........... 4995 4805
1% sp ............ ........
Spiral, 5% vert........... 5450 5785
2% sp............ ....
Test Loads
15-d col. 19.7-d col.
The above comparison shows only fair agreement between com-
puted and test values for the 5- and 10-d columns; the computed values
are slightly greater in two cases and lower in the other two. The
greatest discrepancy from the computed value is about 12 per cent;
the average total discrepancy is less than 11/2 per cent.
(e) Relation of Column Strength to Length-Diameter Ratio
The corrected strengths of the columns given in Table 14 have been
plotted as ordinates in Fig. 19 against 1/d ratios as abscissas. This
TABLE 14
TESTS OF COLUMNS OF VARYING SLENDERNESS, SERIES 16a
Three companion columns, two 8- by 16-in. control cylinders per column. Average over-all diam.
of columns, 12.40 in.; av. core diam., 12.15 in. Reinforcement data in Table 2. Sand-gravel concrete,
1:2.2:3.9 by weight. Average comp. strength, 1820 p.s.i. Ei= initial modulus of elasticity of columns,
in millions of p.s.i.
Core
Diam.
out-to-
out,
in.
12.18
12.13
12.30
12.09
12.03
12.30
12.04
12.12
12.29
12.03
12.02
12.22
12.37
12.31
Length
Diam.
Ratio
5
5
5
10
10
10
15
15
15
19.7
19.7
19.7
5
10
18.5
17.85
17.85
37.0
35.7
35.7
Per Cent
Reinforce-
ment
Vert.
2.1
5.4
5.3
Spiral
1.1
1.1
2.4
55.5
53.55
53.55
72.8
70.4
70.4
20
40
Max. Load
thousands
of
pounds
440.5
607.3*
640.0*
403.0
524.1
591.9
344.0
418.6
485.1
278.7
403.4
420.6
214.3
189.4
* Max. load not reached at capacity of testing machine.
t Estimated value of max. load.
Col.
Ncs.
86.1-3
88.1-3
89.1-3
90.1-3
92.1-3
93.1-3
94.1-3
95.1-3
96.1-3
97.1-3
98.1-3
99.1-3
01.1-3
02.1-3
Corr.
Max.
Load
(f'= -
1800),
p.s.i.
4115
5360
5825t
3440
4630
5080
2760
3750
3825
2525
3475
3470
1520
1385
p.s.i.
3775
5250*
5390*
3515
4615
4980
2890
3630
4090
2440
3560
3595
1790
1590
Concr.
Cyl
Strength
A',
p.s.i.
1400
1550
1710
1890
1780
1680
1955
1660
2110
1700
1900
1950
2115
2040
1.94
2.34
2.39
2.38
2.43
2.28
1.97
1.77
1.79
1.72
1.69
1.87
1.69
1.62
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FIc. 19. RELATION BETWEEN COLUMN CAPACITY AND l/d RATIO, SERIES 16a
diagram is similar to Fig. 18 except that it contains little information
on plain columns and none on tied columns.
For the three types of columns having both vertical and spiral
reinforcement, Fig. 19 shows a more rapid decrease in strength with
increase in l/d than is indicated in Fig. 18. This may be demonstrated
by utilizing the calculated strengths of tied columns given in the pre-
ceding paragraph and by further assuming that these values would
decrease in the same proportion as was noted in Fig. 18 for similar
columns. On this basis, the 19.7-d tied column should have an average
strength of 2175 p.s.i. when 2 per cent of vertical was used and of
3480 p.s.i. when 5 per cent of vertical was used. Comparing these
probable values for tied columns with the values for spiral columns
in Fig. 19, it is seen that the contribution of the spiral reinforcement
has largely disappeared for the 19.7-d columns, being about 350 p.s.i.
in one case and zero in the other two. The estimated convergence of the
strengths for spiral and tied columns is here noted at values for l/d of
20 to 23, whereas in Fig. 18 it occurred at a value of a little more
than 30.
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The foregoing discussion indicates that there is little object in using
spiral reinforcement in columns having lengths much greater than 20
diameters of the column, since relatively little strength is developed
after the column yields enough to bring the spiral reinforcement into
play, with the resultant instability and susceptibility to a buckling
failure.
23. Theoretical Considerations Regarding Buckling Failure.-The
results of the tests of slender columns, Series 25a and 16a, raise a
question as to the behavior of such columns which indicates that a
theoretical approach to the problem may be of value. Both groups of
tests show a decided decrease in strength of spirally reinforced columns
as the slenderness is increased. The tests of Series 25a, though perhaps
too few to be conclusive, indicate a relatively small decrease in
strength of plain and tied columns with slenderness ratios up to an l/d
value of 20.
The well-known Euler formula applies to slender columns in which
failure occurs by buckling. For columns fixed at the end, the equa-
tion is
P 47E
- ' (28)
\k)
wherein P/A is the load per unit area, E is the modulus of elasticity,
and I/k is the slenderness ratio.
For a reinforced concrete column of usual proportions, this equa-
tion gives values far above the crushing load, and it is evident that
the equation can apply only when the value of l/k is 200 or more.
However, the formula may be modified by substituting the tangent
modulus of elasticity, E', for the usual initial modulus, E. This sub-
stitution was first proposed by Engesser in 1889; the equation so used
is called the Engesser formula. (15) It has been applied to steel columns
by Basquin (1' G and to aluminum columns by Templin (17 ) and others.
While ConsidBre~' 8 ' and others have pointed out that the use of the
tangent modulus is theoretically incorrect, Basquin and Templin have
shown that it gives results which agree very well with test observations.
In 1895, Engesser modified his theory in response to ConsidBre's
criticism, producing what is frequently referred to as the ConsidBre-
Engesser formula. This employs the so-called "Double Modulus," E,
which is a function of both E and E'. A good discussion of the double
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modulus was published by Osgood in 1935. (1 ) For a column in which
the material has been stressed beyond the proportional limit, it is evi-
dent that the addition of a small amount of bending superimposed
upon the uniform axial stress will produce a decrease in stress on the
convex face, which is governed by the modulus of regression, equiva-
lent to the elastic modulus E; the increase in stress at the opposite
face is governed by the tangent modulus E'. Development of this con-
cept leads to the following value of E, which may be substituted for
E in the Euler equation:
EI1 + E' 2 2
- , (29)
I
wherein I, is the moment of inertia of the part of the cross-section
subject to tensile flexural stress, I2 the moment of inertia of the re-
mainder of the cross-section, and I the moment of inertia of the
entire section, all taken about the axis of zero flexural stress. Values
of E will therefore be intermediate between E and E'. Since the rela-
tions between E and E' are practically identical for a solid circular
section and for a thin circular ring section, it is evident that this rela-
tion will apply without appreciable error to a circular concrete column
having reinforcing bars embedded symmetrically around the periphery.
A study has been made of the applicability of both the Engesser
and the Considere-Engesser equations to the results of the tests of
Series 25a and 16a, using the data of the 5-d columns as the basis of
calculations. Figure 20 shows an average load-strain curve, measured
at mid-height of columns 89.1-3. From this curve the slopes at various
points have been determined graphically, and are plotted as values
of E' against the corresponding values of P/A. Similarly, the values
of E have been determined from the values of E and E', and are also
plotted in the figure. It must be realized that due to the difficulty of
determining the slopes graphically, the values of E' and B are prob-
ably not extremely accurate. However, by inserting the values of E,
I IE
E', and E in Euler's equation, rewritten in the form -=27r ---
k \ P/A '
the upper curves of Fig. 20 have been derived. They indicate the
calculated load to be carried by columns having varying values of
l/k, provided they fail by buckling and assuming that the material
of these columns is identical with that of the 5-d columns. From Fig.
20 it is seen that the Euler column formula applies for values of l/k
of 224 and greater for spirally reinforced columns of this type. For
S \ Stren/h of Long Co/umrnsl i ] I ,
\ Consia'dere-ngesser Theor-y
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FIG. 20. STRESS-STRAIN PROPERTIES OF SHORT COLUMNS AND
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lower values of I/k the ConsidBre-Engesser and Engesser formulas
give results that are much alike except for very low values, where a
crushing failure will govern the strength. It is of interest that the
test values for Columns 89, 93, 96, and 99 follow the trend of these
formulas, particularly the Engesser equation.
The procedure illustrated in Fig. 20 has been followed for all the
spirally reinforced columns of Series 25a and 16a, and also for one
group of tied columns of Series 25a, despite the fact that the tied col-
umns failed by crushing rather than buckling.
Certain difficulties arise in this study. First, the load-strain curves
are not as accurate or complete as they should be for this purpose. Only
in Series 16a were strains as great as 0.014 measured; in most of the
other series, strains beyond 0.007 were not measured. In the tied
columns, the greatest strain measured was about 0.0016, which makes
it impossible to determine the Engesser curve for low values of 1/k.
Another uncertainty in applying the theory to a composite mem-
ber at loads beyond the yield point may be noted. The radius of
gyration, k, depends upon the modular ratio n. As plastic deformation
develops, the effective values of n and k should increase. Since the
increase in k is indefinite and probably not large, it has been neglected
here.
Figure 21 shows load-strain curves and values of E' and E for eight
groups of 5-d columns. The strains were measured on the reinforcing
bars at mid-height of column. From the data of this figure the curves
of Fig. 22 have been obtained. These show the computed Engesser and
Considere-Engesser curves for columns having values of I/k up to 150,
which is probably beyond the practical application of such a column.
The strain data for the three columns of Series 16a make it possible
to secure well-defined column curves, while the curve for tied columns
(No. 550, of Series 25a) cannot be defined at all for values of 1/k less
than 100.
The strength values of Tables 13 and 14 for the columns 5, 10, 15,
and 20 diameters in length have also been plotted in Fig. 22. In most
cases these values fall between the Engesser and the Considere-
Engesser curves, as might be expected. In two cases the strength is
below even the Engesser curve, a result which can be explained only
by a difference in the materials used as compared to those of the 5-d
column. It is difficult to say which of the two computed curves agrees
best with the test results.
This study has been of value in indicating or confirming several
impressions concerning the action of long columns.
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(a) The results of the tests of Series 16a and 25a, though exhibit-
ing characteristic scatter of values, are consistent with the general
trends of the three concepts of column buckling employed in the study.
(b) The Engesser and Considere-Engesser curves for values of 1/k
greater than those used in the test columns are useful in showing the
general trend of the theoretical curve for large slenderness ratios. It
appears from the procedure followed that the strength of any long
slender spiral column may be estimated from the properties of a short
column of similar materials and arrangement of reinforcement.
(c) The rapid decrease in strength with increasing slenderness of
spirally reinforced columns is convincingly explained by the Engesser
and Considere-Engesser theories as a natural result of the large plastic
deformations and loss of stiffness in the spiral range as measured by
values of E' and E. The tied column, on the other hand, apparently
should suffer relatively little decrease in strength with slendernesses
even greater than those used in the tests.
24. Design Formulas for Long Columns.-The object of the fore-
going tests and analysis has been to develop information for the
proper design of long columns. Obviously a simple design formula
relating allowable load and slenderness ratio is desirable. In the recent
Joint Committee Report and in the ACI Building Regulations,(2
the following formula is given for long columns (defined as having
l/d greater than 10).
P'= P1.3- 0.3 ), (30)
wherein P' is the allowable load on the long columns and P is the
allowable load on a corresponding short column.
Similar formulas given in the 1928 ACI Building Regulations
were, for spiral columns in which l/k is greater than 50,
P' = P 1.50 - (31)
100k
and for tied columns in which 1/k is greater than 40,
P' = P 1.33 - 1-- (32)
120k
These two equations obviously give results similar to those from
Equation (30) and slightly penalize the tied column in the usual
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range of application. Such discrimination is certainly incorrect on the
basis of the foregoing test data.
The Code of Practice(") of the Building Research Board in Eng-
land gives tabulated factors for loads on columns in which 1/k exceeds
50; these factors may be represented by Equation (31). In this Code,
however, the effective length of the column is modified by conditions
of restraint at the ends, so that Equation (31) is applicable only
with qualifications.
Turneaure and Maurer(9 ) give a design equation for long columns,
which is of the form of the well-known Rankine or Navier formula.
For fixed end conditions it is
P
P' = 1 (33)
1+- -- I
20,000 \k
This is similar to the equation suggested by Bach(' 3) as the result
of tests made on columns having lengths of 28.1 and 3.7 diameters.
Thomas' 14' derived "buckling coefficients" equivalent to P'/P
which agree well with the results of his tests, made on square, tied
columns having 1/k ratios varying from 13 to 94 and also with those
for similar columns having a slight initial eccentricity and initial
curvature.
The test results from Series 16a and 25 are assembled in Fig. 23
for comparison. To facilitate this, the test values have been reduced
to relative values, P'/P, and the value of 1/k has been converted to 1/d
by assuming k = 0.28d. The choice of the test value to use for P re-
quires some thought. It may be recalled that the majority of the tests
on which Equations (1) and (2) for the usual short column were based
were 7% diameters in length. While these equations are generally
specified as applicable to columns up to 10 diameters long, the tests
indicate that the 10-d column may be a few per cent substandard in
strength. The average of the strengths of the 5- and 10-d columns
was used as the basis of comparison in Sections 21 and 22, and it seems
proper to use it here, as representing the strength, P, of a 71/2-d column.
On this basis the average relative values for spiral columns from Figs.
18 and 19 have been plotted in Fig. 23. In a similar way, relative values
of strengths computed by the Engesser theory (see Fig. 22) are also
plotted, as an indication of the probable trend of the curves for values
of l/d greater than 20. For comparison, values from the ACI and Joint
Committee formula, Equation (30), are also shown in the figure.
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FIG. 23. RELATIVE STRENGTHS OF LONG COLUMNS WITH VARIOUS l/d RATIOS
For spirally reinforced columns, it appears from Fig. 23 that the
ACI and Joint Committee design formula is in reasonably good
accord with the test results, as far as they go. For values of l/d
greater than 20, the values of P'/P obtained by use of the Engesser
theory diverge rapidly from the straight line representing the design
formula, and it.seems likely that the latter is somewhat conservative.
However, columns of this slenderness are not common and, because
of their vulnerability under accidental eccentric loading, are not par-
ticularly desirable, so that a conservative design rule is to be
commended.
The foregoing remarks apply to spirally reinforced columns of the
type tested, in which the spirals developed a large amount of column
strength at the expense of large plastic deformations. Columns designed
by the current ACI or Joint Committee Procedures(2 ' will fail at loads
slightly above those which produce spalling of the protective shell, and
the maximum loads for long spiral columns of this sort will be but
slightly greater than for long tied columns. The reduction factor for
such long columns should therefore be approximately the same as that
found for tied columns.
For tied columns, the test results are too few to be especially con-
clusive. Figure 23 shows the plotted test values from Series 25a, and
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also a curve representing the results of tests by Thomas, ( 14) in England,
on tied columns without initial eccentricity. Both show a P'/P ratio
considerably higher than that given by the ACI-JC design formula.
This, of course, is in keeping with the foregoing discussion of the
superior resistance of tied columns to buckling failure, as contrasted
with the susceptibility of spirally reinforced columns to such failure
when the spiral reinforcement is brought into play. While the design
formula is evidently very conservative for tied columns, this is partly
justified by the fact that long columns in structures may not be made
as straight as these laboratory specimens and that even a small initial
curvature or eccentricity of load would bring the relative strength
down to the curve representing the design formula.
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V. COLUMNS WITH PROTECTIVE SHELLS
25. The Function of Protective Shells on Columns.-In the de-
velopment of reinforced concrete as a fire-resistant type of building
construction, one of the first principles applied was that the reinforcing
steel must be protected by an adequate thickness of concrete. For
tensile reinforcement, protection of the steel against fire and corrosion
is the sole function of the concrete cover; but when compression rein-
forcement is used in beams and columns, the concrete layer also acts
to provide structural strength. If the protective layer is destroyed by
fire, the strength of the member is obviously decreased, yet the only
instance where this fact has been given special consideration in design
has been in the spirally reinforced column. For many years the struc-
tural shell outside the spirals was excluded from utilization in design
as a part of the load-carrying member. The practice was apparently
not due to its susceptibility to fire damage, since experience has shown
the tied column, particularly of rectangular section, to be subject to
worse fire damage than the spirally reinforced column.
The assumption of the loss of the fireproofing shell may come
from the fact that when a spirally reinforced column is loaded beyond
the capacity of the vertical reinforcement and the unrestrained con-
crete, the latter begins to deform plastically and bulges laterally until
it produces a stress in the spirals -thus creating restraint, with re-
sulting increased load-capacity, for the concrete inside the spirals. At
this stage the outer shell cracks, crushes, and spalls off. If there is
sufficient spiral reinforcement to compensate for the loss of the load-
carrying capacity of the shell, the column continues to carry load,
usually with large longitudinal deformations. The column obviously
has lost its fireproofing.
In 1933, Committee 105(20' of the ACI reintroduced the concept of
using spiral reinforcement mainly as an insurance against sudden
failure, but without allowing for it in strength calculations except in
regard to the factor of safety permitted in this type of column.
With this design procedure, the gross area of the column is used
in structural calculations, and sufficient spiral reinforcement is utilized
to compensate for the loss of the protective shell, if that should occur.
In using this shell area structurally, it is considered that the load at
which spalling of shell begins is the maximum useful load for the
column. It is further considered that for the very infrequent case of
fire damage to the column shell, the maximum live load will rarely be
present simultaneously with the loss of shell area.
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This concept of spiral column design has many implications. It
assumes that a spirally reinforced column will behave structurally
much as a tied column does, with very small deformations right up
to the yield point of the column--a load which is also practically
the maximum load. In the case of eccentric loading, the entire column
section is available to resist bending stresses, and in the case of long
columns, the large plastic deformations which induce buckling failure
cannot develop until the shell crushes and practically the maximum
load has been attained.
One objection to the use of gross areas has been that, with careless
concreting practice, the shells of columns may contain inferior con-
crete. As one safeguard, a close spacing or pitch of spiral wires must
be avoided; this precaution, together with the use of vibration in plac-
ing the concrete, should largely eliminate poor shell concrete.
Use of the gross area of spiral columns in the Joint Committee
Report and the ACI Building Regulations ( 2) has directed the attention
of investigators to the load capacity of the shell concrete. Prior to
1931, with more than two thousand column tests on record, only a few
scattering tests had been made on columns with shells, and these gave
no conclusive results. The small number of such tests is probably due
to two conditions: (a) the shells were at that time neglected as struc-
tural elements, and (b) their omission facilitated strain measurements
on the longitudinal and spiral reinforcement. The subject of shells was
given some study in Austria (2 1' in 1931 and in Holland (22) in 1932,
but the results were not available when Series 38a was planned.
26. Tests of Series 38a.-This series of tests was made on 168
columns, all having a core diameter of 6 in., a length of 45 in. (7%
times the core diameter), and shell thicknesses of 1/, 1, and 1% in.
The series included a few plain and tied columns.
The columns were made with three grades of concrete having com-
pressive strengths of approximately 2500, 4500, and 6000 p.s.i. The
columns with shells were 7, 8, or 9 in. in diameter or width, with 6-in.
cores (out-to-out diameter of spirals). The columns without shells were
6 in. in diameter, and the plain columns were 8 in. round and square.
The vertical reinforcement in all tied and spiral columns consisted
of four %-in. plain round bars of hard grade steel, milled to exact
length, with the ends flush with the plane ends of the column. The
ratio of bar area to core area was 0.0268.
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The circular ties used in tied columns were of No. 9 wire, 6 in. in
diameter, spaced 6 in. apart.
The spiral reinforcement was of drawn wire of nine different sizes,
having useful limit values varying from 61,600 to 97,000 p.s.i. In gen-
eral the design of the spirals was based on the following equation:
p' = 0.45 (R - 1) , (34)
fjs
in which
p' = ratio of volume of spiral reinforcement to volume of concrete
core.
R = ratio of gross area to core area of column = Ag/Ac.
fc' = designed compressive strength of concrete.
f' = useful limit stress of spiral reinforcement, taken as 60,000
p.s.i.
Equation (34) has been derived from Equations (1) and (2) of
Section 3, by equating the strength of the shell to the strength pro-
duced by the spiral reinforcement. Strictly applied, this procedure
results in a coefficient of 0.425 in Equation (34); hence, the coefficient
0.45 as used should result in a slight margin of added strength due to
the spiral reinforcement, so that the quality of toughness and the
ability to give warning of impending failure may be developed in such
columns.
Since the actual useful limit of the spiral steel varied in the differ-
ent sizes and was considerably more than the 60,000 p.s.i. assumed,
and since the concrete strengths exceeded their designed values, the
design of the spirals did not conform strictly to the requirements of
Equation (34).
To study the effect of a marked excess or deficiency in the amount
of spiral as compared to the requirements of Equation (34), a series
of 8-in. columns was included which had an excess or deficiency of at
least 40 per cent. Here again the actual departure from normal design
varied considerably because of variations in spiral and concrete
strengths and the limitations in wire sizes available. The average
deviations from the design requirement were + 52 per cent and - 39
per cent.
All spirals were made with 1-in. pitch.
The general outline of the tests is given in Table 15. There were two
companion columns in all cases - a total of 56 for each of the three
grades of concrete.
BUL. 368. REINFORCED CONCRETE COLUMNS
The quality of materials and the fabrication procedure are de-
scribed in Sections 4-6. However, it might be noted that the latest
concreting practice was applied. Since good concrete was desired in the
shells, an internal vibrator was used in compacting the concrete.
TABLE 15
SCHEDULE OF TEST COLUMNS, SERIES 38a
Two companion columns, a total of 56 for each grade of concrete. Percentages of reinforcement
listed are based on area of 6-in. circular core.
Percentage of Steel
Spiral*
Round Col. Square Col.
2.68 0.58A 1.14
2.68 0.58 1.14
2.68 none none
2.68 1.14A 1.91 A
2.68 1.91B 3.24 B
2.68 0.58 C 1.14 C
2.68 1.14 1.91
2.68 1.91 3.24
2.68 0.58 1.14
2.68 none none
none none none
2.68 1.91A 2.64
2.68 1.91 2.64
2.68 none none
2.68 0.95 A 1.91
2.68 0.95 1.91
2.68 none none
2.68 1.91A 3.24 A
2.68 3.24B 4.94 B
2.68 1.14C 1.91 C
2.68 1.91 3.24
2.68 3.24 4.94
2.68 1.14 1.91
2.68 none none
none none none
2.68 3.24 A 4.94
2.68 3.24 4.94
2.68 none none
2.68 1.35A 2.64
2.68 1.35 2.64
2.68 none none
2.68 3.24 A 4.94 A
2.68 4.94B 6.96 B
2 68 1 5C 2 64C
Shell t
S
N
S
S
S
S
N
N
N
S
S
S
N
S
S
N
S
S
S
S
N
N
N
S
S
S
N
S
S
N
S
S
S
S
2.68 3.24 4.94 N
2.68 4.94 6.96 N
2.68 1.35 2.64 N
2.68 none none S
none none none S
2.68 4.94 A 6.96 S
2.68 4.94 6.96 N
2.68 none none S
Nominal
Concrete
Strength,
p.s.i.
2500
A - Spiral to produce strength equivalent to shell;
B - Spiral to produce strength approximately 40 per cent greater than shell;
C - Spiral to produce strength approximately 40 per cent less than shell.
t S - Column with shell. N - Column without shell.
----- ~--
I I
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FIG. 24. NINE-INCH ROUND COLUMN BEFORE TEST, SERIES 38a
Because strain gage readings on the reinforcing steel could not be
taken without extensive damage to the column shells, such readings
were omitted. Strains were measured on the surface of the concrete by
means of two attached dial gages on a 20-in. gage line at mid-height of
the column. Lateral strains were also measured by means of an
attached gage at the upper 1-point of the column, as shown in Fig. 24.
The over-all movement of the testing machine head was also measured,
but the data were not very useful. Obviously, the gage readings could
be taken only to the point where the shell of the spiral column began
to crush and spall off.
27. Properties of Plain Columns.-The results of the tests of plain
columns furnish useful data for the study of the remaining tests. The
principal results are presented in Table 16. The tabulation shows that
column strengths were about 85 per cent of the strengths of con-
trol cylinders, in good agreement with previous tests. There is no
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TABLE 16
RESULTS OF PLAIN COLUMN TESTS, SERIES 38a
Two companion columns. Round and square columns made from same batch of concrete. Two
control cylinders with each pair of columns. Aggregates, sand and gravel. E- is the modulus of elasticity
of columns, E, that of cylinders-both in millions p.s.i.
Kind of
Concrete
A
B
C
Column
Size
8 in. rd.
8 in. sq.
Av.
8 in. rd.
8 in. sq.
Av.
8 in. rd.
8 in. sq.
Av.
Cylinder
Strength,
p.si.
2445
2445
4435
4435
5770
5770
Column
Strength,
p.s.i.
2005
2045
3715
3710
5065
5010
Ratio
Col. Strength
Cyl. Strength
0.821
0.842
0.831
0.839
0.837
0.838
0.879
0.869
0.874
Grand Average 0.848
Max.
Measured
Longitudinal
Strain
0.0016
0.0019
0.0021
0.0024
0.0024
0.0024
0.0021
Ei
3.40
3.55
3.60
4.13
4.25
4.12
E,
3.52
4.39
4.86
apparent difference in the strengths per unit area of round and square
columns. The values of modulus of elasticity also appear to conform
with the results of other tests of the sort. The maximum measured
longitudinal strain is, of course, the greatest value recorded before the
column crushed, and undoubtedly is less than the actual maximum
value at the time of failure. The ratio of lateral to longitudinal defor-
mation was measured in all cases; at values of one-fourth of the maxi-
mum load or less, the value was very nearly constant and about 0.20.
28. Results of Tests of Spirally Reinforced Columns.-
(a) Analysis of Effectiveness of Shells
Practically all the columns of normal design, and those in which
the spiral percentage was below the amount required by Equation (34),
failed when the protective shell began to spall. In two columns of sup-
posed normal design, and in all with an excessive amount of spiral, the
spiral was sufficiently strong to produce a definite increase in load
after spalling of the shell; but in the others, increased movement of the
testing machine head produced a second "maximum" due to the spiral
which was only equal to or less than the load at shell failure. For
these columns, the strength of the column is evidently the sum of the
strengths of the vertical steel and of the gross concrete section, as
indicated by Equation (1), repeated here for convenient reference:
P = 0.85 (A, - A,)f' + Aj,f. (1)
Iido
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Two methods of analysis of shell effectiveness present themselves: to
substitute test values in Equation (1) and solve for the coefficient rep-
resented by 0.85 in Equation (1); or to separate the gross area A, into
two parts, the area of core and the area of shell. Then, assuming 0.85
to be correct for the core area, the corresponding coefficient for the
shell area may be determined. However, this procedure throws all
experimental errors and variations in properties of materials into the
portion of the load attributed to the shell. In the following study, there-
fore, only the first method is used, although the data are available
for both.
The shell areas used in these small test columns are generally much
larger in proportion to the core area than they would usually be in
practice; the shell areas used ranged from about one-fourth to two-
thirds of the gross column area. Hence, this study represents a rather
severe test of the effectiveness of shell concrete.
Table 17 gives the results of all the tests which apply to this study.
From the properties of the concrete and of vertical and spiral steel, it
has been possible to solve for the coefficient, C, in the table. It is
found to have an average value of 0.83 for the group - not far from
the value of 0.85 found from previous tests and from the plain columns
of Table 16.
In fact, assuming the coefficient 0.85 to be a correct and well estab-
lished value, the quantity 0.83 found here may be considered in as
good agreement as will generally be expected from an experimental
comparison. However, since it is about 2.4 per cent lower than the
value expected, it may on the other hand be considered as an indica-
tion that the shell concrete is slightly below standard. On the average,
the shell areas for the series are just one-half of the gross area; hence
one might judge that applying the most unfavorable interpretation
with respect to the shell concrete, if the core concrete is considered 100
per cent effective, the shell concrete may be considered about 95 per
cent effective. This conservative view is presented because the value
of shell concrete has been questioned by some engineers.
Light on the fluctuations in the factor, C, with the different vari-
ables of the series may be afforded by the following tabulations of
average values.
Class of Value Design of Value Size of Value
Concrete of C Spiral of C Column of C
A........... 0.831 Normal- A....... 0.825 7 in........... 0.845
B........... 0.798 Excessive-B..... 0.835 8 in........... 0.821
C........... 0.862 Deficient-C...... 0.833 9 in........... 0.842
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TABLE 17
RESULTS OF SPIRAL COLUMN TESTS, SHELL FAILURES, SERIES 38a
Max. load given is load at which there was definite failure of shell. All columns were 3 ft. 9 in.
long. Core diam., 6 in. Vertical bars, four 2 in. round; A,=0.76 sq. in.; yield pt.=50,850 p.s.i.; A,f =38,500 p.s.i. Spirals, p'= per cent spiral by volume of core; f,'= useful limit stress in spiral. Spiral de-
sign A has spiral equivalent to shell; B, spiral stronger than shell; C, spiral weaker than shell. Max.
P- Af
load P = C(A,- A) f,'+Afv, whence C= A "A,. Values of C from previous tests has been found to(-e 0 . ) fco
be 0.85. Two companion columns.
Column
Size,
in.
8
8
8
7
9
Av.
Shape
square
square
square
square
square
square
round
round
round
round
round
round
Grand Av., Square
and Round
Spiral
Design
I
Concrete
Comp.
Class Strength
Sp.s.i.
A A 3240
B A 2360
C A 2405
A B 4900
B B 5000
C B 4455
Total
Concrete
Area,
sq. in.
(A,- A)
63.86
63.32
63.38
63.40
64.04
63.32
A C 6145 63.16
B C 6235 62.77
C C 5520 63.56
A I A 2555 48.31
A B 4650 49.30
A C 5605 48.52
Max.
Load,
P,
thousands
of
pounds
194.0
165.0*
173.5
293.0
294.5*
262.0
376.8*
379.0*
362.0
137.5
219.5
275.0
A A 3265 81.50 271.5
A B 4985 82.50 374.5
A C 6465 81.96 510.0
ABC ABC .... ... .....
A A 3240 48.69 165.5
B A 2360 48.57 138.5*
C A 2405 48.94 135.0
A B 4900 48.81 222.5
B B 5000 49.25 219.5*
C B 4455 48.70 208.0
---- . . ..--- - ----
A C 6145 48.81 265.0*
B C 6235 48.82 304.0*
C C 5520 48.69 248.5
A A 2555 37.24 117.8
A B 4650 37.56 185.5
A C 5605 37.72 238.0
A A 1 3265 62.86 204.8
A B 4985 62.91 291.0
A C I 6465 62.93 386.5
ABC ABC . ..... .....
ABC ABC .... ..
Total
Load on
Concrete,
thousands
of
pounds
P-Af,
155.5
126.5
135.0
254.5
256.0
223.5
338.3
340.5
323.5
99.0
181.0
236.5
233.0
336.0
471.5
127.0
100.0
96.5
184.0
181.0
169.5
226.5
265.5
210.0
79.3
147.0
199.5
166.3
252.5
348.0
Factor,
C
for
Concrete
0.750
0.845
0.885
Av.
Ratio,
Shell Area
A,--A4
0.565
0.819
0.800
0.810 0.566
0.872
0.870
0.920 0.564
0.801
0.788
0.867 0.434
0.875
0.815
0.891 0.665
0.840 ...
0.804
0.887
0.820 0.436
0.779
0.735
0.780 0.438
0.750
0.871
0.781 0.436
0.833
0.840
0.942 0.267
0.810
0.806
0.856 0.563
0.820 . .
0.830 ..
*These columns carried additional load due to spiral, after shell failed.
This array of average values does not indicate any consistent varia-
tions in shell effectiveness with any of the variables. It is of interest
that square shells (see Table 17), strong concrete, and both thin and
i Is
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thick shells are accompanied by values of C slightly above the average
value, but there is nothing to indicate that these are anything but
accidental correlations.
It may be added from the record of the tests that there was no
indication of any lack of soundness or reliability of the shell concrete;
no indication of surface of separation or weakness coincident with the
position of the spiral, until, of course, loads were applied which pro-
duced bulging of the core and spalling of the shell. This action began at
longitudinal strains of 0.0015 to 0.0020 or more, corresponding well
with the maximum strains measured on the columns of plain concrete.
The high effectiveness of the shell concrete found from these tests
obviously supports the practice of using the gross area of spirally
reinforced concrete columns as the basis of design.
(b) Analysis of Effectiveness of Spiral Reinforcement
As noted previously, all the columns of spiral design B and two of
design A failed initially by spalling of the protective shell, and then
developed considerable additional strength due to the restraining ac-
tion of the spiral. Another group of columns was made without shells,
but with spirals identical with all of the spiral columns with shells.
These two groups furnish data on the effectiveness of the spiral rein-
forcement.
This effectiveness factor, K, is shown as 2.0 in Equation (2),
which may be rewritten as follows:
P = 0.85 Acf,' (1 - p) + A,f, + Kp'f,'. (2)
The value of K has been determined by many investigators, with
values ranging from 1 to 3, but the values found in our previous tests
have averaged very nearly 2.0. In the extensive ACI Column Investi-
gation in 1930-31, the values of K found from 171 columns at the
University of Illinois averaged 2.09, whereas values of K from the
tests at Lehigh University were considerably lower. This discrepancy
was believed to be the result of using a spherical block at one end of
the columns at Lehigh University, while the Illinois tests were made
with "flat ends." The variability of the factor K is well recognized,
and is undoubtedly related to the fact that the column in the "spiral
stage" of loading is in a rather unstable plastic equilibrium. Anything
that tends to disturb the alignment of such a column will precipitate
failure.
Table 18 presents the results of the column tests in which spiral
failure occurred. An analysis of the results, based on Equation (2),
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TABLE 18
RESULTS OF SPIRAL COLUMN TESTS, SPIRAL FAILURES, SERIES 38a
From tests of columns without shells, and those with shells in which spiral produced added
strength after failure of shell, with failure occurring by breakage of spiral. Core diam., 6 in.; A =28.27
sq. in.; p=0.0268 on core area. Two companion columns. Vertical bars, four Ms in. round,
Af,=38.5 thousands of pounds. Spirals, p'=per cent by vol. of core; f,'= useful limit stress in spiral.
Spiral design A, spiral equivalent to shell; B, spiral stronger than shell. Spiral effectiveness, K, is com-
puted by use of the equation:
Kp'f,'A,=P-0.85A,f,'(1 
-p) -Af,
Concrete Steel Reinforcement Max.
Load, 0.85Af'(1-p) Kp'f'A, Spiral
SP, + A,,, Effec-
fI,, As Used '*, p,', 1000's tiveness,Class Design in P' 1000's 1000's 1000's lb. lb. K
p.s.i. Column p.s.i p.s. lb.
Columns without Shells, 6-in. Core Diameter
8 in. sq.
rd.
sq.
rd.
sq.
rd.
8 in. sq.
rd.
sq.
rd.
sq.
rd.
8 in. sq.
rd.
sq.
rd.
sq.
rd.
7 in. sq.
rd.
sq.
rd.
sq.
rd.
9 in. sq.
rd.
sq.
rd.
sq.
rd.
.0191
.0114
.0324
.0191
.0494
.0324
.0324
.0191
.0494
.0324
.0696
.0494
.0114
.0058
.0191
.0114
.0264
.0135
.0114
.0058
.0191
.0095
.0264
.0135
.0264
.0191
.0494
.0324
.0696
.0494
90.1
89.8
76.2
90.1
72.4
76.2
76.2
90.1
72.4
76.2
61.6
72.4
89.8
78.2
90.1
89.8
63.4
80.2
89.8
78.2
90.1
97.0
63.4
80.2
63.4
90.1
72.4
76.2
61.6
72.4
1720
1025
2470
1720
3575
2470
2470
1720
3575
2470
4285
3575
1025
455
1720
1025
1675
1085
1025
455
1720
920
1675
1085
1675
1720
3575
2470
4285
3575
176.5
150.0
272.5
227.0
381.5
324.5
213.8
176.5
325.2
267.8
411.0
373.5
149.5
131.0
229.8
197.5
300.5
254.3
160.5
133.3
220.2
210.0
292.5
255.0
192.0
180.8
328.5
261.8
396.8
376.5
111.2
111.2
163.3
163.3
193.5
193.5
106.5
106.5
151.1
151.1
188.6
188.6
114.9
114.9
160.2
160.2
198.3
198.3
111.4
111.4
164.4
164.4
192.9
200.6
110.8
110.8
150.8
150.8
191.6
191.6
65.3
38.8
109.2
63.7
188.0
131.0
107.3
70.0
174.1
116.7
222.4
184.9
34.6
16.1
69.6
37.3
102.2
56.0
49.1
21.9
55.8
45.6
99.6
54.4
81.2
70.0
177.7
111.0
205.2
184.9
1.34
1.34
1.56
1.31
1.86
1.88
1.54
1.44
1.75
1.67
1.84
1.83
1.19
1.25
1.43
1.29
2.16
1.82
1.70
1.70
1.14
1.75
2.10
1.77
1.72
1.43
1.76
1.59
1.69
1.83
8-in. Columns with Shells
C 6145 A 8 in.sq. .0494 72.4 3575 408.5 182.1 226.4 2.24
C 6145 A rd. .0324 76.2 2470 323.0 182.1 140.9 2.02
A 2360 B 8in.sq. .0324 76.2 2470 199.7 93.7 106.0 1.52
A 2360 B rd. .0191 90.1 1720 159.0 93.7 65.3 1.34
B 5000 B sq. .0494 72.4 3575 323.0 155.5 167.5 1.66
B 5000 B rd. .0324 76.2 2470 275.0 155.5 119.5 1.71
C 6235 B sq. .0696 61.6 4285 423.0 184.3 238.7 1.97
C 6235 B rd. .0494 72.4 3575 377.0 184.3 192.7 1.91
Grand Average 77.9 1.66
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gives the values of K shown in the last column of the table. The values
range from 1.14 to 2.24, with an average of 1.66 for the 76 tests. The
values of K for the columns without shells are smaller than for those
with shells.
These rather low values of K are difficult to explain. The tests were
made with "flat ends," like the previous tests quoted above. Though,
on the basis of other tests of this series, the factor 0.85 used in the
computations might be taken as 0.83, this would raise the value 1.66 to
only about 1.70, and it is believed that the value 0.85 is so well estab-
lished for evaluating the contribution of the concrete core that it must
be used here. The useful limit of the spiral wire is unusually high,
ranging from 61,600 to 97,000 p.s.i., with an average of 77,900 p.s.i.
and with the higher values applying to the smaller wire diameters and
lower spiral percentages. Possibly the method of determining the useful
limit gives values that are higher than are actually attainable in
columns, thus resulting in correspondingly low values of K. At any
rate, if f/ were to be arbitrarily taken as 60,000 p.s.i. as specified for
drawn wire in the ACI and Joint Committee design procedures, the
average test value of K would be raised correspondingly to 2.15.
While this study is of undoubted value in showing that values of
K less than the generally accepted value of 2.0 may often be obtained
from tests, use of that value as in the ACI and Joint Committee design
procedure is probably justified, since the spiral reinforcement is relied
on only for its toughening effect and not for producing load-carrying
capacity in the column. However, for design formulas of the European
type, in which a large part of the estimated column load is to be
furnished by the spiral reinforcement, the need for caution is indicated.
The values of K from Table 18 show no particular variation with
shape of column, though it is evident that the higher values generally
accompany the larger percentages of spiral, which in turn are required
only in the columns made with concrete of high strength. This finding
confirms other studies which show that there is no loss in effectiveness
when high percentages of spiral are employed. (2 3 )
29. Results of Tests of Tied Columns.-As outlined in Table 15, a
tied column was made to correspond to each spiral column of normal
design with a protective shell. The columns were designed to be iden-
tical except for replacement of the spirals with 6-in. circular ties. The
vertical steel was identical in amount, quality, and position, and
the concrete was of the same proportions in both. Table 19 gives the re-
sults of the tests of these tied columns. Here again an analysis of the
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TABLE 19
RESULTS OF TIED COLUMN TESTS, SERIES 38a
All columns 3 ft. 9 in. long; 7, 8, and 9 in. round or square. Vertical bars, four Y in. round;
yield point 50,850 p.s.i. A,=0.76 sq. in., Af,=38.5 thousands of pounds. Ties, 6-in. diam., No. 9
wire, 6-in. spacing. Two companion columns.
P-38.5
(A,-A.)f,'
Column Concrete
Comp.
Shape Class Strength
p.s.i.
square A 2520
B 4190
C 5820
square A 2955
B 5075
C 6665 i
Total
Concrete
Area,
sq. in.
(A,-A.)
4S.31
48.38
47.05
63.96
64.5262 o2
square A 3050 81.51
B 5640 82.51
C 6420 82.13
Maximum
Load P,
thousands of
pounds
129.8
212.0
245.0
173.0
305.2
394.0
219.2
346.2
round A 2520 37.67 109.3
B 4190 37.46 160.0
C 5820 37.45 193.5
round A 2955 48.56 137.5
B 5075 48.88 226.0
C 6665 48.81 283.3
round A 3050 61.66 177.0
B 5640 63.14 286.3
C 6420 62.20 339.5
Average
Grand Average
Factor, C,
for
Concrete
.750
.857 .788
.7551
.711]
.815 .791
.8481
.7271
.664 .750
.000 J 7,
.745)
.774· .743
.711f
.691
.762 .735
.7531
.7381
.697 .729
.753J
.736
.756
results has been made by use of Equation (1). Subtracting the average
strength contribution of the vertical steel, 38,500 lb., from the maxi-
mum test load leaves the portion of the load to be carried by the total
concrete area. The ratio of the load per unit area carried by concrete to
the strength of the control cylinders is the coefficient C, shown in the
last column of Table 19. The values of C average 0.776 for the square
columns and 0.736 for the round, a grand average of 0.756. Little varia-
tion due to the size of column or kind of concrete used is apparent,
though the two smaller columns and the two stronger concretes show
values slightly above average.
These results are somewhat disturbing, since the factor 0.85 has
generally been found to apply equally well to plain, tied, or spirally
Size,
in.
7
8
9
7
8
9
491.8 .O860J
d~~r~mrrp 776Averse 77
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reinforced concrete. The only explanation would appear to be that the
ties and the concrete outside the vertical bars were not sufficient to
prevent buckling of the bars as they approached the yield point. Cer-
tainly the columns did fail, uniformly and characteristically, by a
sudden buckling of the bars and splitting and crushing of the concrete.
The failure of all elements of the section apparently took place at the
same instant. It may have been unfortunate that the four bars were
placed at the sides of the square columns, though the low value of C
for the 9-in. columns does not confirm that suggestion.
Whatever the reason may be for the low strength of these columns,
this fact, together with the sudden failure characteristic of tied col-
umns, furnishes a good argument for requiring a higher factor of safety
in the design of such columns than for columns with both vertical and
spiral reinforcement. In the ACI and Joint Committee design pro-
cedures, the allowable load on tied columns is 80 per cent of that for
spiral columns of corresponding section. The estimated factor of
safety for tied columns ranges from about 3.7 to 4.4 for the usual
concrete mixtures and steel percentages, assuming that the factor C is
0.85 in Equation (1). Applying the factor of 0.75 as representative of
this group of tests, the corresponding factors of safety would range
from 3.5 to 4.0. It is not the intention here to imply that the results of
this small group of tests should overturn or supersede the results of
many previous tests which are represented by the factor 0.85 in Equa-
tion (1); rather, the purpose is to show that even if the strengths of
tied columns on occasion fall as low as in this series, the factor of
safety under the ACI Joint Committee design formulas is still between
3.5 and 4.0, which is not particularly alarming.
While the design practice of previous years has been to use the
gross concrete area of tied columns and to neglect or to question the
reliability of the shells of spiral columns, this series of tests indicates
that the shell outside the spiral carries load at essentially full effec-
tiveness, whereas the concrete area of the tied column falls short of its
expected load capacity.
30. General Behavior of Test Columns.-Thus far little has been
said regarding the deformations measured in the test columns. While
load-strain curves are available for both longitudinal and lateral
strains for all the test columns, they are not of sufficient significance to
warrant their presentation here. As noted before, the strains on plain
and tied columns at failure were generally of the order of 0.0015 to
0.0025; this is also true of the shells of the spiral columns. Only in the
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spiral columns without shells could the strains be measured completely
to the maximum load, and in general these longitudinal strains reached
values ranging from 0.006 to 0.02, many of them reaching the higher
value. The lateral strains up to loads of at least one-fourth of the
maximum load averaged very consistently 20 per cent of the longi-
tudinal strains.
FIc. 25. TIED AND SPIRALLY REINFORCED COLUMNS WITH SHELLS AFTER FAILURE
Figure 25 gives typical views of both tied columns and spirally
reinforced columns with shells after failure. The former show the
characteristic buckling of the vertical bars; the latter illustrate the
spalling of the shells, even though portions of the shell are held loosely
in place by the clamps used to attach strain-measuring devices.
31. European Tests of Columns with Protective Shells.-Since
other tests have been made on columns with shells, it seems proper to
include a brief mention of tile results found. Neglecting the few
scattered tests by Withey, Talbot, Rudeloff, and others, the only tests
of consequence are two groups conducted by European investigators.
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(a) Tests by Austrian Committee on Reinforced Concrete
These tests were made by a Subcommittee on Column Tests and
were reported by Dr. Fritz Emperger/ 21) The test program included
forty types of plain, tied, and spirally reinforced columns, among them
a group with structural angles enclosed by spirals. The columns were
generally 20 or 24 cm. square or 22.5 cm. in diameter and were 150 cm.
in length.
Based upon tests of a relatively small number of columns, Emperger
concluded that for columns with heavily designed ties or with light
spirals the full gross area of the column could be relied upon, but that
for columns with light ties the shell might fail at strains in the neigh-
borhood of 0.001 before the vertical steel had attained its yield point
stress. This conclusion seems rather unusual, since the writers have
seen large numbers of tests in which plain concrete has attained
longitudinal strains of 0.0015 to 0.0020 and even more before failure.
However, Emperger's findings help to explain the results of the tests
of tied columns with rather light ties, which show an effectiveness of
the concrete somewhat less than the usual value of 0.85.
Emperger's conclusion that the shells of the spirally reinforced
columns can be relied on for full effectiveness is in good accord with
the results of Series 38a (see Section 28), in which practically full
effectiveness of such shells was demonstrated.
(b) Tests by Dutch Concrete Association, Amsterdam
Of these tests, reported in a very brief paper by N. J. Rengers, (22)
about 35 were on spirally reinforced columns of 22.5 cm. core diameter,
some with shells 24 cm. square and some without shells. The length of
the columns is not given, nor are the properties of the longitudinal
steel, so that it is difficult to appraise the test results. Two concretes
were used, with cube strengths of 188 and 389 kg. per sq. cm. and
"prism" strengths of 138 and 288 kg. per sq. cm. Apparently the
prisms were plain concrete columns of a size comparable to the rein-
forced columns. Four amounts of longitudinal reinforcement were used
- four bars of 5, 10, 20, and 36 mm. diameter, corresponding to 0.1, 0.5,
2.2, and 6.9 per cent, respectively, of the gross area. Spirals were 3, 4,
or 6 mm. wire at 2.5 cm. pitch, corresponding to 0.5, 0.9, and 2.0 per
cent of the core. The yield points of these spirals were 2,600, 2,600,
and 3,600 kg. per sq. cm., respectively.
The author draws the conclusion, apparently based on only a part
of the tests, that with the weaker grade of concrete 80 per cent of the
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shell area was effective at full prism strength, while for the stronger
grade the shell area was 100 per cent effective.
Despite this conclusion by the author, an analysis of the test data,
assuming a reasonable yield point strength of the vertical bars to be
3,000 kg. per sq. cm., indicates that the effectiveness of shell for the
weaker concrete was better than 80 per cent. It is evident that neither
the 3- nor the 4-mm. spirals could be expected to develop as much
strength as the shell, and the tests showed the spiral column with shells
to be stronger in every case than those without shells. Hence, the
maximum loads for the columns with shells may be considered to be
due to the prism strength of the core and shell plus the yield point
strength of the vertical bars. On this basis, only 4 of the 11 compari-
sons available with each grade of concrete indicate an effectiveness of
shell less than 100 per cent. These were mainly columns with light
spirals and heavy vertical bars, indicating that too high a yield point
may have been assumed for these large bars. While this analysis indi-
cates an average effectiveness of shells in excess of 100 per cent of the
prism strength, its validity depends upon the correctness of the as-
sumed yield point of the vertical bars, and hence is open to criticism.
The main purpose of including it is to call attention to Rengers's tests
and to indicate the need for further analysis of their results.
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VI. MISCELLANEOUS COLUMN TESTS
32. Columns of Various Concrete Mixtures and Spiral Ratios,
Series 14.-This is one of four groups of column tests of a miscellaneous
sort which are included in this bulletin because of their contribution
to the knowledge of certain specific features of column action. Series
14 consists of 26 circular columns, 12 in. in diameter and 5, 10, or 19.7
ft. long. In general there were three companion columns. The variables
studied were actually too many for the number of tests made. It was
planned to study the effect of variations in concrete mixture and of
variations in the amount of spiral reinforcement on concrete strength.
There was also a comparison of the strength of columns having three
slenderness ratios. One group of three plain concrete columns was
made; the others all contained spiral reinforcement with no appreci-
able protective shells. Three columns contained vertical as well as
spiral reinforcement.
The essential information regarding the materials, fabrication, and
testing of these columns is given in Chapter II.
The principal test results are presented in Table 20, which furnishes
a few values for comparison with the constants of Equation (2), Sec-
tion 3. For the plain columns, with an l/d ratio of 5, the ratio of
column to cylinder strength is 0.91, as compared with the usual value
of 0.85, derived from tests of 7.5-d columns.
TABLE 20
RESULTS OF COLUMN TESTS, SERIES 14
Three companion columns. Column diam., 12.5 in.; core diam., 12.0 in. Concrete mix A= 1:2:4;
B= 1:1:2; C= 1:3:6, by volume. Proportions by weight are shown in Table 4. Sand and gravel aggre-
gates. Spirals, 91e in. at 1-in. pitch, p'=0.009, f/'=72,000 p.s.i.; Me in. at 1-in. pitch, p'=0.027, f'=
54,000 p.s.i.; Y2 in. at 1Y-in. pitch, p'=0.0435, f,'=51,000 p.s.i. Columns tested at age of 65 days.
Per Cent Reinforcement Concrete Maximum LoadConcrete
Column Cylinder
Concrete Length, Strength,Mix P, P/A,
ft. Spiral Vertical p.s.i. thousands of
pounds p.s.i.
A 5 0 0 1930 220.0 1750
A 5 0.90 0 2110 317.4 2940
A 5 2.74 0 1990 496.5 4400
A 5 4.37 0 1915 601.0 5300
B 5 2.66 0 3460 587.0 5080
C 5 2.72 0 880 433.0 3810
A 10 2.70 0 1900 308.0 2750
A 19.7 2.74 0 2480 264.0 2100
A 19.7 4.36 0 1870 198.0 1530
A 19.7 4.33 3.27 2510 330.0 1795
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The value of K for effectiveness of spiral in the 5-d columns has
been computed as follows:
Values of K
Percentage of Spiral
Grade of Concrete 0.9 2.7 4.4
A ............................ 1.67 1 .83 1 .65
B ............................ ... . 1 .49 ....
C . . . .. . .. .. .. . . .. . . .. . . .. . . .. .. . . 2 .0 8 .
This gives an average value of K of 1.74 for the five groups of
columns, as compared with the value of 2.0 usually observed.
The table also furnishes rather meager data for another compari-
son, since columns of 1:2:4 concrete with 2.7 per cent spiral reinforce-
ment and lengths of 5, 10, and 19.7 ft. are included. The respective unit
loads, P/A, are as follows: 4400, 2750, and 2100 p.s.i. Following the
previous procedure of considering the strength of a 7.5-d column as
representative for short columns, this value is found by interpolation
to be 3575 p.s.i., and the ratio of the strength of the long column, with
l/d = 19.7, to this short column strength is 2100/3575, or 0.59 - a
decidedly greater reduction factor for the 19.7-d column than was
found in the tests of Chapter IV (see Fig. 23). However, this is the
only comparison available in which the columns contained spiral rein-
forcement but no vertical bars. In the 5-d columns of this group, the
spiral came into play at a load less than half of the maximum, so that
the column became highly plastic at a very early stage. Under these
conditions, it seems logical that the 19.7-d column developed little
strength beyond that provided by the concrete before the spiral came
into play.
While the results of these tests are too few to be conclusive, it is
significant that they conform as well as they do to the general concept
of column action outlined in Section 3.
33. Columns Made with Various Concrete Aggregates, Concrete
Mixtures, and Spiral Ratios, Series 15.-This series of tests was a
direct sequel to Series 14 and employed some of the same variables.
There were 12 plain concrete columns and 33 containing spiral rein-
forcement but no vertical bars.
Three concrete mixtures were used- 1:1:2, 1:2:4, and 1:3:6, by
volume. (Proportions by weight are given in Table 4.) With these
mixes, the aggregates were torpedo sand and limestone. The 1:2:4
mixture was also made with sand and gravel aggregates. All columns
were roughly 8 in. in diameter and 40 in. long.
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TABLE 21
RESULTS OF COLUMN TESTS, SERIES 15
Three companion columns. Length, 3 ft. 4 in. Av. core diam., 8.4 in. Av. diam. plain columns,
8.27 in. Age at test, 60 days. Concrete Mix A=1:1:2; B=1:2:4; C=1:3:6-all by vol. Sphrals: Y in.
at l1-in. pitch, p'=0.015, f,'=64,300; is in. at 1 in. pitch, p'=0.035, f,'=58,800; • in. at 1•-in.
pitch, p'=0.059, f,'= 55,500. No vertical bars.
Mix
A
B
C
B
A
B
C
Coarse
Aggr.
Stone
Stone
Stone
Gravel
Stone
Stone
Stone
Per Cent
Spiral
Reinf.
0
0
0
0
1.51
3.50
5.95
1.49
3.50
5.93
1.51
3.46
Concrete
Cylinder
Strength,
p.s.i.
3780
1375
630
1820
3815
3410
4150
3790
1620
1585
1680
1630
660
650
655
Max. Column Load
P,
thousands
of pounds
198.3
64.7
27.8
98.7
278.9
385.3
448.7
194.3
326.4
350.8
164.5
303.2
P/A,
p.s.i.
3680
1200
520
1850
5060
6850
8415
3440
5800
6610
2980
5310
P/A -0.85f'
p.s.i.
1820
3950
4885
970
2060
3300
2060 960
4450 2060
5180 3290
2420
4760
970
2040
Grand Average- Stone Concrete
B Gravel 1.50 1840 216.0 3880 2320 965
3.43 1805 381.0 6690 5160 2020
5.93 1830 448.6 8410 6860 3290
1825
Grand Average -All Concrete
Spiral
Effec-
tiveness,
K
1.88
1.92
1.48
1.76
2.15
2.16
1.57
1.96
2.50
2.33
2.41
2.01
2
2
2
2
2
.41
.55
.08
.35
.09
Three amounts of spiral reinforcement were employed- 1.5, 3.5,
and 6 per cent. Columns with 6 per cent of spiral and 1:3:6 concrete
were omitted from the series, probably because they represent a very
unlikely and poorly balanced design. Other information regarding the
making and testing of the columns is given in Chapter II. The principal
test results are presented in Table 21.
Several interesting facts may be seen in that table. First, consider-
ing the plain columns, it is evident that the 8- by 40-in. columns were
nearly as strong as the 8- by 16-in. control cylinders. The strength
ratios were 0.97, 0.87, 0.83, and 1.02, with an average value of 0.92.
This compares well with the value of 0.91 found in Series 14, and is
not out of line with the usual value of 0.85 found for columns with an
l/d ratio of 7.5.
---------- ~-----
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The next item of interest is the computed effectiveness of the spiral
reinforcement. This was found by deducting from the unit strength of
the column a quantity equal to 85 per cent of the cylinder strength.
The remainder is the strength produced by the spiral, or Kp'f,'. From
the tabulated values of p'fs' the values of K have been determined.
The value of K appears in all cases to be least for the columns with
5.9 per cent of spiral reinforcement. This apparent low effectiveness
of the very heavy spiral may be due to the high bearing pressures
involved, yet the values found with 3.5 per cent of spiral are very
satisfactory. The values of K for the three spiral percentages, in all the
tests, are as follows:
Value for K............... p = 0.015 p = 0.035 p = 0.059
Av. for all concretes ........ 2.24 2.24 1.71
Whatever the cause of the low value of K for the high spiral percent-
age, it should be remembered that this is far above any spiral percent-
age to be used - if only from considerations of cost - in practical
construction.
Table 21 shows that the value of K is relatively low for the
strongest stone concrete, and increases as the strength of the concrete
decreases. It also appears that K is somewhat higher for gravel con-
crete than for stone concrete. Some difference may be expected, since
the value of K is dependent upon the internal friction of the concrete,
but the test results here are too few to establish any definite relation
between the two materials.
The average value of K found from all the tests is 2.09. A ques-
tion may be raised concerning the propriety of basing the calculations
for K on the use of 0.85 f,' as the portion of the load attributed to the
concrete, inasmuch as the tests of the plain columns of Table 21 showed
a strength of 0.92f,'. The coefficient 0.85 was used only because it has
been used in many similar calculations in this bulletin, but it is prob-
able that the value of 0.92 is more nearly correct for columns only 5
diameters in length. However, the value of K will not be greatly
changed by the use of the coefficient 0.92. In general, it will be lessened
slightly, the average for the entire group of tests being reduced from
2.09 to 2.00.
The stress-strain curves for these columns with spiral reinforce-
ment only are worthy of some study. Figure 26 shows average curves
for each group of columns. The unusual feature of these curves is the
magnitude of the longitudinal strains as failure was approached. The
curves show several values of 0.025 to 0.03; and in some of the columns
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FIG. 26. STRESS-STRAIN CURVES FOR COLUMNS OF SERIES 15
with 6 per cent of spiral, individual strains of 0.05 or more were meas-
ured. The curves for 1:1:2 concrete do not show these high strains,
because they were the first group tested and the special gage used for
measuring these large strains was not available.
It is evident that up to a strain of about 0.0015, the stress-strain
curves are typical for plain concrete columns. Beyond this, the slope
of the curve increases very rapidly. For the 1:3:6 concrete, the tangent
modulus reaches values as low as 50,000 to 75,000 p.s.i. These curves
indicate that if the Engesser formulas were applied to these columns,
as in Section 23, the reduction factor appropriate for long columns
would be more pronounced than that shown in Figs. 20-22. For those
columns in which the major part of the strength is provided by the
spiral, this portion of the column load will fall off rapidly as the value
of 1/k of the column is increased. Fortunately, however, columns of
this type are rarely used in building construction.
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34. Tests of Four-Year-Old Columns, Series 25c.-The 20 columns
in this group were made in conjunction with Series 25a, with the pur-
pose of studying the effect of shrinkage and age on column strength.
The program was interrupted by the moving of the laboratory to
another building; the results are presented only as incidental informa-
tion on the effect of age and of drying of concrete.
The columns were all 8 in. in diameter and 40 in. long. The series
included 14 columns of 1:2.5:3.2 concrete (duplicating the columns
of Series 25a) and 6 columns of 1:1.1:1.9 concrete. The columns were
moist cured for 28 days, placed in an oven, and held at a temperature
of about 150 deg. F. for nine months. They were then stored in a
laboratory room until tested at the age of about 4 years 3 months.
Shrinkage readings were taken during the oven-drying period, but
were so complicated by temperature differences as to be unreliable.
However, it is of interest that after the oven-drying period, the shrink-
age of plain columns was roughly 0.0005 in. per in. for the leaner mix
and 0.0007 in. per in. for the richer. The shortening of the reinforced
columns was much less than this.
Table 22 gives the results of the tests of these columns to failure,
together with results for identical columns of Series 25a, which were
tested after 28-day moist curing. These results, however, are available
only for columns made with 1:2.5:3.2 concrete. It is evident that the
4-year-old columns developed considerably more strength, an average
of 670 p.s.i. more, than those tested when 28 days old. This difference
is evidently due to an increase in strength of the concrete over this
TABLE 22
RESULTS OF COLUMN TESTS, SERIES 25c
All columns 8 in. diam., 3 ft. 4 in. long, two companion. Sand-gravel concrete, Mix A= 1:2.5:3.2;
Mix B= 1:1.1:1.9 by weight. Reinf. bars, jis and %i n. round; yield pts., 40,400 and 36,700 p.s.i. Spiral
steel, 9I6 and Y in., useful limit, 65,000 and 44,000 p.s.i. Spiral pitch, 1 in. Ties, No. 8 wire at 8
in. Columns moist-cured 28 days; oven-cured 9 mo.; all tested at age of 4 yr. 3 mo. 28-day strength
of "A" concrete, 1885 p.s.i.
Per Cent Reinf. Difference inMax. Col. P/A, due to
Column Concrete Load P/AC, P/A, at 28 age and
No. Mix days (from storage,
Vert. Spiral p..i. Series 25a)
p.s.I.
005-8 A 0 0 2330 1615 715
204-5 A 2.4 0 2710 2430 280
214-5 A 2.4 1.1 5380 4330 1050
224-5 A 2.4 1.9 5355 4815 540
504-5 A 4.9 0 3770 3280 490
514-5 A 4.9 1.1 6055 5255 800
524-5 A 4.9 1.9 6820 6020 800
006-7 B 0 0 3735 .....
226-7 B 2.4 1.9 6920 .....
526-7 B 4.9 1.9 8730 .....
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period, despite the fact that the columns had been definitely dried out
and stored indoors. Humidity in the atmosphere during the period of
air storage apparently was sufficient to produce this increase.
The data of Table 22 also offer an opportunity to verify the con-
stants in Equation (2). The two types of tied columns developed
strengths definitely less than would be predicted from that equation;
however, since there are but two tests, this result may be considered
only as supporting the results found in Series 38a (see Section 29).
The effectiveness of the spirals of the 4-year-old columns is con-
siderably greater than the usual value of 2.0. This conclusion requires
the assumption that the strength of the plain columns is truly repre-
sentative of the concrete in all the columns, since the results of control
cylinders, tested with these columns, have been lost. On this basis, the
average value of K found for the spiral columns of Series 25c is 2.64.
The lack of more direct data regarding the strength of the concrete in
individual columns reduces the importance that might otherwise be
attached to this particular derivation of the value of K.
35. Tests of Columns Made with Fly-Ash and Cinder Concrete,
Series 38b.-
(a) Outline of Tests
The tests of this series were conducted in order to study certain
properties of concrete made of cement, fly-ash, and cinders, as com-
pared to ordinary sand-gravel concrete, and to observe the effect of
these properties on column action. The principal properties studied
were compressive strength, creep and shrinkage, and modulus of
elasticity under axial compression.
The test program included 16 columns, about 9 in. in over-all
diameter and 5 ft. long. Eight of these were tested rapidly to failure
when 28 days old; eight were subjected to sustained axial load for
more than 5 years, then tested to failure. The sustained load was the
allowable design load computed by the ACI Building Regulations. (2ý
Strain measurements during the first year of sustained loading gave
information on the creep and shrinkage of the concrete. Table 23 is an
outline of the test program. For convenience of reference, the two con-
crete mixtures are referred to as cinder-ash (CA) and sand-gravel
(SG) concrete.
(b) Materials and Making and Testing of Columns
General information on the materials, fabrication, and testing pro-
cedure are given in Chapter I. These tests represent a rather novel use
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TABLE 23
OUTLINE OF COLUMN TESTS, SERIES 38b
All columns were of 9.15-in. outside diam., 8-in. core diam., and 5 ft. long. Columns tested "flat-
ended." All reinforcement was of intermediate grade steel, hot-rolled. Spirals, 8-in. outside diam., of
No. 5 rod at 1.35-in. pitch, were 1.24 per cent of volume of core. Vertical bars, four i-in. round, 1.20
per cent of gross area, or 8 5 -in. round, 3.73 per cent of gross area. Nominal concrete strength, 3500p.s.i. Columns moist-cured 7 days, air-cured 21 days, before test or sustained loading. Sustained load
readings at approximately 1, 3, 7, 14, 28 days, 2, 3, 6, and 12 mo. Loading continued for 5 yr. 5 mo.,
when columns were tested to failure.
The rapid tests to failure were similar to the tests of the ACI Column Investigation, 1930-31.
The columns were loaded to failure in ten or more increments of load, with strain measurements at
each increment. The sustained load tests also followed the procedure of the ACI tests.
Column No. Kind of Concrete
1, 2 Cinder-ash
3, 4 Cinder-ash
5, 6 Sand-gravel
7, 8 Sand-gravel
9, 10 Cinder-ash
11, 12 Cinder-ash
13, 14 Sand-gravel
15, 16 Sand-gravel
Reinforcement
Vertical
per cent
gross area
1.20
3.73
1.20
3.73
1.20
3.73
1.20
3.73
Spiral
per cent
core area
1.24
1.24
1.24
1.24
1.24
1.24
1.24
1.24
Method of Testing
Rapid test to failure
Rapid test to failure
Rapid test to failure
Rapid test to failure
Sustained load, 5 yr. 5 mo.
Sustained load, 5 yr. 5 mo.
Sustained load, 5 yr. 5 mo.
Sustained load, 5 yr. 5 mo.
of fly-ash and cinders in concrete. Both of these materials are by-
products of a steam power plant, in this case one of the plants of the
Detroit-Edison Company. Fly-ash is a finely divided material which
has been used as an admixture in concrete, but its use as a complete
fine aggregate is comparatively new.
Average properties of the reinforcing steel are given in Table 2;
however, it should be noted that tests were made on specimens of both
vertical and spiral steel used in each column and that these individual
values were used in analyzing the test results.
The columns were of the usual cylindrical type, with the vertical
bars milled in exact length and flush with the plane ends of the column.
The columns were tested to failure with "flat ends."
(c) Compressive Strength and Modulus of Elasticity of Concrete
The concrete mixtures chosen were intended to produce a 28-day
compressive strength of 3500 p.s.i., so that a rather rich mixture for the
CA concrete was required. This is not too important commercially,
because of the low cost of the aggregate. The average 28-day strengths
developed were 3630 p.s.i. for the CA concrete and 3450 p.s.i. for the
SG concrete.
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TABLE 24
PROPERTIES OF CONCRETE CONTROL CYLINDERS, SERIES 38b
Mixture CA, cinder-fly-ash concrete, 1:0.97:2.18 by wt., w/c=0.92 by wt. (Of this amount, 0.28
represents water added to fly ash 1 day before mixing.)
Mixture SG, sand-gravel concrete, 1:3.85:4.30 by wt., w/c=0.72 by wt.
f' = compressive strength. E=initial modulus of elasticity in compression.
Col.
No.
9
10
Av.
11
12
Av.
13
14
Av.
15
16
Av.
Mix
CA
CA
CA
CA
SG
SG
SG
SG
Slump,
in.
3
3.5
1.5
3.5
1.5
2
2.5
3.5
28 day Tests
No.
cyls.
test-
ed
2
1
2
1
2
1
2
1
f.',
p.s.i.
3760
3700
3680
3670
3300
3330
3270
3530
E,
thou-
sands of
p.s.1.
1870
1870
2080
2000
4105
3560
3400
4240
5 yr. 5 mo. Tests
No.
cyls.
test-
ed
1
2*
1
2
1
2
1
2
.',
p.s.i.
4510
4555
4470
4420
4320
4030
4150
4400
E,
thou-
sands of
p.s.i.
1725
1725
1870
1815
4425
4550
4575
4215
Ratio,
', 5 yr. 5 mo.
f', 28 days
1.20
1.23
1.22
1.28
1.20
1.24
1.31
1.21
1.26
1.27
1.25
1.26
Ratio,
E, 5 yr. 5 mo.
E, 28 days
0.92
0.92
0.92
0.90
0.91
0.90
1.08
1.28
1.18
1.34
1.00
1.17
* One cylinder only. Other value abnormally low.
Table 24 gives an interesting comparison of the strengths and
moduli of elasticity of the 6- by 12-in. control cylinders made with
columns 9-16 and tested at ages of 28 days and of 5 years 5 months.
The tabulated results show an increase in strength over the 5-year
period, for cylinders stored indoor in air, of about 23 per cent for CA
concrete and 26 per cent for SG concrete. Apparently the humidity was
sufficiently high to supply a beneficial amount of moisture to the con-
crete. A similar comparison of modulus of elasticity for the concretes
of the two ages shows a decrease of 9 per cent over the 5-year period
for CA concrete and an increase of 18 per cent for the SG concrete.
In these two concretes, of comparable strengths, the values of E for
the CA concrete at the 28-day age were only one-half, and at the 5-
year age about four-tenths, of those for the SG concrete.
(d) Creep and Shrinkage of Columns Under Sustained Loading
The columns held under sustained loading were kept in the rein-
forced concrete research laboratory, where they were subject to an
annual range of temperature of 70 deg. to 85 deg. F. and of relative
humidities of from 40 to 85 per cent.
The sustained loads applied to the eight columns were "design
I
BUL. 368. REINFORCED CONCRETE COLUMNS
loads" calculated by the use of the ACI and Joint Committee column
formula:
P = 0.225f,'A, + 0.4fA ,
in which the value of f' was the 28-day strength of control cylinders
and the value of f, was assumed as 40,000 p.s.i. This latter value is
slightly less than the actual value for the reinforcing steel used, but
should not affect the comparison between the two kinds of concrete.
The sustained loads were as follows:
Cinder-ash concrete:
Cols. 9 and 10, f,' = 3730 p.s.i. Column load = 66,000 lb.
Cols. 11 and 12, fe' = 3675 p.s.i. Column load = 92,000 lb.
Sand-gravel concrete:
Cols. 13 and 14, f,' = 3315 p.s.i. Column load = 60,000 lb.
Cols. 15 and 16, f,' = 3400 p.s.i. Column load = 87,000 lb.
The load was applied to these columns by means of car springs
and tie rods, after the manner used in the ACI Column Investigation.i~
By placing one companion column above the other it was possible to
use one set of springs to apply identical loads to the two columns. A
view of the columns under load is given in Fig. 27.
Strain measurements were taken with a 10-in. Whittemore strain
gage on the columns under sustained load at intervals of 1, 3, 7, 14, and
28 days, and 2, 3, 6, and 12 months. Since the load was held constant,
the increase in strain noted after initial loading was due to creep and
shrinkage of the concrete. Values of these strains have been plotted
against duration of loading in Fig. 28, where each curve represents
the average result for a pair of columns. The two curves at the left
refer to columns with 1.23 per cent of vertical steel; they indicate
slightly larger amounts of creep than the two at the right, which refer
to columns with 3.86 per cent of vertical steel.
The creep-time curves, though roughly of the typical shape, show
characteristics which can be explained only on the basis of known
variations in humidity and temperature in the storage room. The
columns were loaded in July, showed a general increase in strain until
the following February, and then showed a slight decrease. The period
of decreased strain coincides with the period of increasing temperature
and relative humidity. The curves, though not as satisfactory as could
be obtained by the use of an air-conditioned room, are probably repre-
sentative of actual conditions in columns of the usual reinforced
concrete building.
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FIG. 27. COLUMNS OF SERIES 38b
UNDER SUSTAINED LOADING
In the left-hand pair of curves the creep in the CA concrete columns
is definitely larger than in those of SG concrete; in the other pair, just
the reverse is true. The conclusion from this limited group of tests is,
therefore, that there is no appreciable difference in the amount of
creep and shrinkage for the two types of concrete.
The initial elastic strain produced when load was first applied to
the column is not shown in Fig. 28, but was definitely greater for the
CA concrete, evidently because of its low modulus of elasticity. The
following summary of initial and maximum strains during the year of
sustained loading, and of the corresponding longitudinal steel stresses,
affords a good idea of the combined effect of elastic strain, creep, and
shrinkage.
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Days u/ndn6r Sci/sfa/t.ed Loadl/;g
FIG. 28. CREEP AND SHRINKAGE OF COLUMNS UNDER SUSTAINED LOADING
First Application of Load Maximum During Year
Col. Material Strain, Steel Stress, Strain, Steel Stress,
No. millionths p.s.i. millionths p.s.i.
9-10 Cinder-ash 428-473 12,800-14,200 1004-1094 30,100-32,800
11-12 Cinder-ash 487-587 14,600-17,600 901- 942 27,000-28,300
13-14 Sand-gravel 199-291 6,000- 8,700 737- 868 22,100-26,000
15-16 Sand-gravel 258-373 7,100-11,200 742- 842 22,300-25,300
In this tabulation the two values in each column represent the
highest value observed on each of the test columns, and are consider-
ably greater than the average values. It is also apparent that the
difference in total strain for the two materials is due largely to
the difference in elastic strain at first application of load. Even so, the
maximum strains and steel stresses average about 24 per cent greater
for the columns of CA concrete than for those of SG concrete. The
greatest stress listed, 32,800 p.s.i., is less than two-thirds of the yield
point stress for the reinforcing bars used. Since it has generally been
found that a large part of the creep and shrinkage occurs during the
first year of loading, and since the ultimate strength of a column has
been found to be independent of initial stresses induced by creep or
shrinkage, •) it appears that the somewhat larger strains in the CA
concrete columns are not of particular structural significance.
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The low modulus of'-easticity of the CA concrete is, of course, im-
portant in structural members, particularly flexural members, wherein
large strains and deflections may require consideration.
(e) Ultimate Strength of Columns
The results of the tests to failure of both the 28-day and the
5-year-old columns are presented in Table 25, together with a com-
parison with the computed strengths. The latter have been determined
on the basis of Equations (1) and (2) of Section 3, the selection of the
equation depending on whether the protective shell or the spiral rein-
forcement might contribute most to the strength of the column.
As explained in Section 26, for any thickness of protective shell an
amount of spiral reinforcement may be chosen which should provide
an equal amount of column strength or slightly more. Such a per-
centage of spiral, p', is given by Equation (34) of Section 26. In de-
signing these columns, based upon estimated strengths of concrete and
spiral steel, a spiral percentage, p', of 1.24 was selected. However,
the use of average actual values of 3550 p.s.i. for f,', 37,000 p.s.i. for
f', 8 in. for core diameter, and 9.15 in. for shell diameter gives the
percentage of spiral required as 1.33 for the 28-day tests; for the
5-year tests, with an average value of f,' equal to 4350 p.s.i., the re-
quired value of p' is 1.64 per cent. Therefore it is evident that in the
28-day tests the spiral should supply little, if any, added strength after
the shell begins to spall and that in the 5-year tests the spiral should
contribute nothing.
An analysis of the test results confirms this statement. For the 28-
day tests, in three of the four groups the calculated strength based
on spiral action was 1 to 4 per cent greater than that based on the
strength of the shells. In the fourth group, and in all the 5-year tests,
the spiral should, theoretically, add nothing to the column strength.
Theory agreed with observations in the 5-year tests, wherein the maxi-
mum load was reached when spalling of the shells began, but in the
28-day tests there may have been cases of a slight increase in load
due to the spiral after spalling started.
A comparison of the maximum load from test with the greatest of
the two calculated column loads shows, in six of the eight groups, an
excess of strength over that calculated. The ratios of actual to calcu-
lated load are 1.07, 1.11, 1.06, and 0.93 for the 28-day tests and 1.13,
1.05, 1.00, and 0.95 for the 5-year tests. Compared on the basis of kind
of concrete, the average ratio for the four CA groups is 1.09; for SG
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TABLE 25
PRINCIPAL RESULTS OF COLUMN TESTS, SERIES 38b
Spiral reinforcement, 1.24 per cent. Core area 50.26 sq. in. Gross area 65.75 sq. in.
Column
Age
at
Test
28 d.
28 d.
28 d.
28 d.
28 d.
28 d.
28 d.
28 d.
5yr.
5 mo.)
5yr.
5 mo.
5yr.
5 mo.J
5yr.
5 mo.J
5yr.
5 mo.J
5yr.
5 mo.J
5yr.
5 mo.J
5yr.
5 mo.J
Vertical
Reinf.
4 Y" rd.
4 Y" rd.
8 %" rd.
8 Y," rd.
4 2" rd.
4 1" rd.
8 •" rd.
8 %" rd.
4 2 " rd.
4 2 " rd.
8 Ys" rd.
8 %" rd.
4 %~" rd.
4 M" rd.
8 Ys" rd.
8 •" rd.
* Abnormally low value.
Concrete
Cylinder
Strength,
P.s.i.
Max. Column Load,
thousands of pounds
Computed on
Gross,
Eq. (1)
238.7
305.7
192.0
298.2
291.3
357.4
271.5
347.2
Core,
Eq. (2)
239.5
302.8
200.5
299.8
278.9
344.3
262.4
339.2
concrete, 0.99. The higher ratio for the CA concrete was found in both
the 28-day and the 5-year tests.
It may be stated that the 5-year tests confirmed the 28-day tests
in showing that the columns of CA concrete compared favorably in
strength with similar columns made with SG concrete. The fact that
they show strengths 9 per cent higher than those calculated on the
basis of Equations (1) and (2), whereas the SG columns barely
reached the calculated values, indicates a slight extra margin of safety
when the column strength is computed from these formulas.
Ratio,
Test Load
Comp. Load
1.07
1.11
1.06
0.93
Based
on
Eq.
No.
2
284.0
230.0
257.0
346.3
334.0
340.1
174.0
250.0
212.0
290.0
270.0
280.0
330.0
330.0
330.0
424.0
327.0
375.5
272.0
273.0
272.5
306.0
353.0
329.5
|
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This series of tests supplements Series 38a in showing the reliability
of the shell concrete. Only one design of column, made with sand-
gravel concrete and 3.7 per cent of vertical steel, gave maximum
strengths below the computed value. All others showed an excess
strength, with an average for the group of 4 per cent excess. Analyzing
the test results by means of Equations (1) and (2), one finds an aver-
age effectiveness of the gross concrete area of 0.91, as compared to the
usual value of 0.85; hence there should be no question regarding the
effectiveness of the shell concrete. Similarly, for those columns which
evidently developed spiral failures, the average effectiveness factor is
found to be 2.11, which is again greater than the value of 2.0 in
Equation (2).
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VII. CONCLUSION
36. Summary.-Although the test results have been discussed in
detail in Chapters III-VI, general conclusions and comments are sum-
marized here for convenient reference. They are presented under four
headings.
(a) Columns Subject to Axial and Bending Stress
The results of the three groups of tests of eccentrically loaded
columns presented, together with the results quoted from European
tests, indicate that so far as compressive failure is concerned, there
is a considerable excess of column strength beyond that usually com-
puted on the basis of uncracked section of column. Compressive fail-
ures were observed for values of ec/k 2 up to about 4; for larger values,
failure in the columns tested occurred generally by tension in the
reinforcement. The greatest margin of excess strength was found for
tied columns and spiral columns with heavy shells; spiral columns
without shells showed little excess strength.
The use of the simple design theory applying to the uncracked
section, with a modification which utilizes some of the extra strength
of such columns, seems justified by the tests for values of ec/k 2 up to
about 4. Such design equations are given in the Joint Committee Re-
port and the ACI Building Regulations. 2 ) Factors of safety, computed
from test results as related to computed design loads given by these
sources of data, seem to be satisfactory for ordinary construction
conditions.
Columns with large eccentricities of loading were not included in
these tests. For their design the conventional theory of Section 15 is
probably the best method available, despite the uncertainty concern-
ing the effective value of the modular ratio, n, involved in this pro-
cedure. For the design of tensile steel the theory seems justified, since
the tensile stress is least affected by variations in the value of n.
(b) Slender Columns
The results of the two series of tests of columns of various slender-
ness ratios show fair agreement. For plain and tied columns there is
relatively little reduction in column strength, and little evidence of
buckling failure, with increasing values of slenderness of column up to
the limit of the tests, l/d = 20. This is not true, however, of columns
with spiral and longitudinal reinforcement but without protective shells
outside the spirals. In such columns, bending stresses were indicated
for columns having I/d ratios as low as 10, and there was a fairly large
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and consistent reduction in strength with increase in 1/d. It is evident
that spiral reinforcement, which requires large plastic deformation to
develop its effectiveness as a strength-producing element, by that
action makes the column particularly susceptible to buckling failure.
A comparison of the test results with values computed from the
tests of short columns, by means of the Engesser and Considbre-
Engesser formulas for columns which fail by buckling, shows reason-
ably good agreement within the limits of the tests, particularly for the
Engesser formula. This indicates the probable reliability of that
formula for estimating the strength of columns of much greater
slenderness than those tested.
The design equation for long columns of the Joint Committee
Report and the ACI Building Regulations 2 )' seems to be in fair agree-
ment with the test results for spiral columns without shells for values
of l/d up to 20; it is probably conservative, judged by the Engesser
formula, for higher slenderness ratios. The same design equation is
evidently very conservative, as compared to test results and analysis,
for tied columns or for spiral columns when designed according to the
procedures of the two regulations quoted.
(c) Columns with Protective Shells
Information on the effectiveness of the column shell outside the
column spiral was secured from sixty columns of Series 38a. For the
purpose of studying the effectiveness of shells, the critical load for
these columns was that reached when the shell failed, regardless of
whether this was the maximum load for the column or whether added
strength was developed later due to the action of the spiral. The
column load at shell failure was divided between the vertical steel,
assumed as acting at its yield point value, and the gross concrete sec-
tion. The average ratio of concrete stress at failure to the strength of
the control cylinders was found to be 0.83 for the group. This factor is
about 2 per cent less than the value of 0.85 commonly found in pre-
vious tests. Since the shell areas were relatively very large (one-
fourth to two-thirds of the gross area), the shell concrete was evidently
at least 95 per cent efficient, and there is no proof that it was not just
as efficient as the core concrete.
Considering also the results of two groups of European tests,
there seems to be little foundation for the opinion, sometimes expressed,
that the full gross area of concrete should not be considered fully
effective in a column design formula, provided the pitch of spiral used
is not small enough to interfere with the placing of the concrete.
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Series 38 also included 36 tied columns, in which there was a con-
crete cover outside the reinforcement corresponding to the shells of the
spiral columns. Here the effectiveness of the gross area of the concrete,
computed as before, was much less than that found from previous tests.
The ratio of computed concrete stress at failure to cylinder strength is
0.76, instead of the common value of 0.85. Failures were sudden, and
there was no indication of weakness of the concrete cover. Accept-
ance of these tests to the exclusion of all former ones would indicate
that only about 90 per cent of the gross areas of these tied columns
could be relied on in computing column strength. It is difficult to find a
rational explanation for these test results, particularly since plain
columns of this same series developed concrete strengths averaging the
full 85 per cent of the cylinder strength. It does not seem likely that
failure was precipitated by premature buckling of the embedded bars,
when it is considered that in other tests") no such action occurred
even though the bars were placed almost at the surface of the columns
and the tie spacing was similar in the two cases.
(d) Miscellaneous Column Tests
The tests discussed in this bulletin furnish much incidental infor-
mation on general column action.
A subject of constant interest is the value of the spiral effective-
ness factor, K. The early European investigators arrived at values of
2.1 to 2.4, though in more recent reports, such as that by Emperger,( 21)
the average value is stated as 2.0, with a probable range from 1 to 3.
In the ACI investigation in 1930, (2) 80 per cent of the test values
range from 1.5 to 2.5, with a general average of 2.0. Tests made in
1926(3 ) of spiral columns and other triaxially loaded concrete indicated
a very consistent value of 2.05.
Values of K have been derived from several series of tests de-
scribed in this bulletin, from which the following tabulation has been
prepared:
Series No. of l Average value
No. tests d of K
25a 16 5and10 2.40
16a 18 5and10 2.28
38a 76 5 1.66
14 15 5 1.74
15 33 5 2.09
38b 6 71 2.11
Av.............................. 2.05
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Though the average value of K for the six groups of tests is 2.05,
the weighted average is only 1.93, due to the low value found from
Series 38a, in which drawn wire spirals of very high strength were
used. Furthermore, the somewhat higher value of K for the columns
with the larger values of l/d represents an inconsistency which is
doubtless due to differences in materials and procedures in the several
groups of tests.
Three groups of tests involve wide ranges in spiral percentages used.
The tests of Series 14 and 15 were made when the efficiency of high
spiral percentages was in question, while the great range in percentages
used in Series 38a was a direct result of the wide variation in shell
areas employed. Spiral percentages of 0.9, 2.7 and 4.4 in Series 14 were
accompanied by efficiency factors, K, of 1.67, 1.77 and 1.65, respec-
tively; similarly, for spiral percentages of 1.5, 3.5 and 5.9 in Series 15,
the corresponding values of K were 2.23, 2.24 and 1.71. For Series 38a,
however, in which nine different percentages were used, there was a
general trend toward higher values of K at the higher percentages.
Thus, for spiral percentages below 2.0 the values of K average 1.42;
for percentages from 2.0 to 4.0 the value is 1.77; for percentages of
4.9 it is 1.86; and for a percentage of 7 it is 1.83. Since the large per-
centages last mentioned were generally accompanied by other factors,
such as relatively low values of useful limit and high concrete
strengths, it is difficult to draw general conclusions, though it may be
said that there is no consistent trend in the effectiveness factor for the
spiral with variations in the general percentage.
The different groups of tests reveal no marked effect of richness of
concrete mixture or strength of concrete on the applicability of the
general expressions for column strength -Equations (1) and (2)-
to the test results. It may be noted that columns of 6000-p.s.i. concrete
in Series 38a gave values of the factor C, representing effectiveness of
the concrete section, slightly above the average for all grades of con-
crete used in the series.
Information on the effect of different aggregates on column action
is too limited to be conclusive. The internal friction is the property of
the concrete which might reflect aggregate properties; this, in turn,
should affect mainly the value of the spiral effectiveness factor, K.
The tests of Series 15 give some indication that K may be larger for
sand-gravel aggregates than for sand and stone. On the other hand, the
tests of Series 38b show a slightly higher value for K for cinder-ash
concrete than for comparable sand-gravel concrete. It is to be remem-
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bered that the value K = 2.0, as used in Equation (2), was derived
largely from columns made of gravel concrete.
37. General Comments.-The purpose of this bulletin has been to
present and correlate the results of several groups of column tests and
to interpret the results in terms of current design practice. Aside from
the studies of resistance to eccentric loading, the interpretation has
been related to a well-established and rational concept of column
strength, as expressed by Equations (1) and (2). These general
formulas for ultimate strength depart from the conventional theory
of elasticity and are derived from observations of the behavior of
columns in the plastic stage of deformation and at failure.
The foregoing concept forms a sound basis for the selection of
design formulas, through the use of the proper factors of safety. While
it is clearly not the purpose of this bulletin to prove or disprove the
correctness of any particular design method, it seems proper to com-
ment on the applications of the test results.
Frequent reference has been made throughout the bulletin to the
column design formulas of the Joint Committee and of the ACI Build-
ing Regulations, ( 2 ) both of which use Equations (1) and (2) as a
factual basis. In addition, the design formulas for spiral columns in
both documents also involve the principle that spirals should be relied
upon to produce toughness and protection against sudden failure but
should not be relied on for added strength after spalling of the shell
begins. The spiral column formula, therefore, contains no term involv-
ing spiral percentage, except that it is required that sufficient spirals
shall be used to equal or exceed slightly the strength produced by the
shell concrete. This concept of spiral column design allows only slightly
more ultimate strength than for a similar tied column, but permits a
smaller factor of safety for the spiral column because of its superior
toughness. Such a spiral column develops relatively small deformations
up to the point of failure and does not rely on developing a large part
of its strength by the action of the spiral.
The tests of Series 38a have been directed especially to this type of
spiral column design in which the gross area of the section is utilized.
Some advantages may be pointed out for this type of design, as com-
pared to the methods prevalent in Europe, which utilize only the core
area and depend on the spiral reinforcement for a considerable portion
of the column capacity.
(a) The gross area method simplifies design equations and pro-
vides a large factor of safety against initial spalling and excessive
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deformation of the column. It provides a relatively stiff column
throughout practically its entire range of load capacity.
(b) It permits the utilization of the entire column section in
resisting bending stresses.
(c) It provides a column with high resistance to buckling failure,
as contrasted to the low resistance to such action when the spiral rein-
forcement is brought into play as a load-producing element.
(d) If the two types of column were to be designed with an equal
factor of safety against the maximum load capacity, the European
type would obviously have a much smaller margin of safety with re-
spect to spalling of the shell. Such spalling might be considered an
initial column failure and, if produced by a condition of overloading,
would doubtless interfere with commercial occupancy of the building.
It would also introduce a stage of very large inelastic deformations
with any further increase in load.
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